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In an ionic propulsor, determination of the trajectories of the parti-f

cles from the emitting electrode is required to define the efficiency ;

and - if necessary - to modify;the relative configuration of the e-
lectrodes. For solving this p;oblem, an iterative calculation method,j

combining analog and digital computers, is presented: The electric
. t

potential inside the drive is #imulated by the voltage of a resistance
: I
network whose elements and boundary conditions are adjusted, while the
: ! i

trajectories and the space charges are defined from the voltage dis- :

1

tribution by means of a digitai computer. The principle of the method;_

l
is checked on an analytically computable example, after which a spe-

cial design of an axially symm%trigal drive is described.




it e

Pr————— e et ¢ e

f
TABLE OF CONTENTS

H
|

NASA TT F-9151

h ' ’ t

# Numbers 1n the margln 1ndlcate paglnatlon in the orlglnal foreign text,

- i Page
=i INTRODUCTION  sevevesesssssssssssaranoncnsnencnsnsnecesssssnes 1 |
,::; CHAPTER I ; Locél Equations of Statioﬁary Fields and their ;
- Application  seeeeecccscccecoccscessccnsccecoscnns 6 ;
EQQé 1.1 - Local Bquations of Stationary FieldS eeceseessessecsns 6 ;
—?' :1.2 -~ Differential Equation of'Traiectories‘ seseccccccccse 8 i
Z'f] 1.3 - Analog Solution of Poisson's Fquation eeceseseesenes 10 |
?T"; 1.3.1 - Relations with Finite Differences ceccccccssssce 10 ?
’ 0 13.2 - Electrical Networks ..;......................... n ' t
;Ei; 1.4 - Solutlon of the Differential Equation of Trajectories
"Thim 7T TTTon Digital Computers ..........:i?:;:?.............. 1
:;:f 1.5 - Calculation of the Space Charge. cceccsscesccccccssee 17 ;
¢;:f L6 - Iterative Solution Method _ ;......................... 19 %
_-;:é CHAPTER IT - Limit Conditions .....{......................... 22 ;
-~ 2.1 - Physical Limit Conditions eeeeseeeeeessveressseress | 22 |
¢%j€ 2,1.1 - On the Electric Potentiai sececccscerserscrcscas 22 ;
,;42 2.1.2 - On the Initial Velocity of Electric Particles .. 2, E
2,1.2.1 - Zero Velocity U, .é......................... 2 ?
T 2.1.2,2 -~ Nonzero Velocity U E cecscsecestscascaccanans 27 ;
;z‘é 2.1.3 - Influence of the Emitter qhape on Calculation
“ of the Space Charge ..:......................... 27
i E- 2,1.3.1 - Spherical Emitter i......................... 28

T ’ {“‘“Tiii""_j




i

_————— e e

[ 2t o

!

| |

'."-.; 2.'1.3.1.1 - ZerO_Initial VeIOCity eeccecvcvccessccne
|

__‘ 2.1,3.1.2 - Nonzero Initial VeIOCity 0 es0cccvcevee

" 20103.2-P1ane Emitter 00000:000.0009000.0.000-00.000

- |

==, 2,2 - Analog Representation of the Limit Conditions .....

. 2,2,1 = Dirichlet Problem sevesesssssosecncencncsncanas
. 2,2,2 - Neumann Problem .......;.......................
liw?, T 2.2,2.,1 -~ Case of the One-DimenFional Problem .eeecee
. 2,2,2.2 - Case of the Problems ;f ReVOIULion  eeeesoos

';“": CHA.PTER III - Analog Rea]—ization ooo;ooooooo.oooooooooaoo.aoo

3.1 - Electrical Network nooooooo;-cooooooooooacoo.oooooo

== l

. 3.2 - Cutting of the Domain 0000000000000 00000c000000000e
,: {

<5_? 3.4 - Application of Current: Method of High
:’-_‘» Resistances ............'..........................

! !
»~~: CHAPTER IV -~ Application to the Three-Dimensional Problem
/‘—: Of Am-'al Synnnetr‘y .....:....QQ.................Q

2 |

=y L.l - Verification of the Method on' the Theoretical

AT‘; Case of a Plane Diode 00000veccr00ce000000000000ss0s

R l Iq..l.l - Theoretical Investigation; 00 0000000000000 c00000
- | _

..+ hele2 -~ Solution of Poisson's Equation at the

i ‘-*1 Electrical Network 0000000 rrvsvocsssscrccccnses

- L}.loB - SOlution I‘IethOds ooocoo'.oo.ocooooo.t;ooooooocao

-’ &.1.3.1-Firs’c Method 0000oofi000000000.0000000000000
- 1}0103.2 - Second IIethOd ooooo[ooooooo.notooooocoooooot

‘;"—‘% h.l¢3.3 - Third Method toooooivoooooooooocoooo.ooooocc

Lo .
T L.2 - Application of the Various Methods to the
‘;‘i_—‘ RGVOIU.tion Problem oocooooo;posooooooooooooooooo‘ooo

]

Page

- 29

30
30
31
31
35
35
36
38
38
39

k0

L5
L5
L5
L6

50

53

56

I
iv \

T i

i
t

‘



N

L;‘.2.1 -- Laplace's Field ooooooovoono.oooooaoo.;ocooooao

- Page
57

58
58
60
61

&

é8
70
70

3

82

88

92
o 96 - 105

106

107
108 - 132
133 - 168

':""‘ h.z.Z - P01556n'5 Field oo.oooo‘oooooco-ooooooo.oococn.
.‘:"i L}czozcl - First I'IethOd 00 0e00000c000000000000C0000 00
;-":; 1&020202 - Second }IethOd Ooooo:oooocoooooo'ooooovoocooc
B ' |

-~ 11-020203 -~ Third Method ooooooio-coooooooooooooooocooo

;;‘.—df CHAPTERV - Estj.rn.ation Of Ek.mrs v...;..................‘....‘
—:—': 5.1"‘ Errors LinkEd to the NetWOI‘k 0ec0cccncesonccoevssee
i;';! 5.101" CUtting Errors 00.0000.:.0..0....0.0000.00.00-0,0
';} 5.1.2 -~ Errors of l~Iaterial_Limitation ee0s0cccsccscene
< ~:;‘ 5.1.3 - EleCtric Er.rors .......'.............;......‘.‘.
"—“! 5‘1'1{’ - Errors of Quantificationi eeeocesoecescscsccccecs
e .

4‘“} 5,2 - Errors Due to Computation on Digital Computers ...
“:‘1"“; 5.3 - Errors Introduced by the lethod of Ca.lculat.ing
::_i-' the Smce Charge 000 PO COSGCONOOGOCOIOSOOOIOIOSIOIGCSEOIOSEPOPOOEEOOSESOITSDYS
i |
’Ij—_—" CONCLUSION ooooaoocoo.oooooo--ooooco?oooooooooooooooooooooo-

")“S—‘ APPmDIX I 00000000 0000060000000 0000 0000000000000 s009000000s e

::I__‘ APPENDIX II 000 00000000000000000000000000000000000000000000
S i ' ~

25 Bibliography 0000000000000 0000000000000000000000000000 00000

:T Tables I to v 0000000.00..0.00000aiooooooooooooo'fotvoo.o..c

: .

lv‘ :_—i Field I .........'......'.............g.‘........‘.'..........
_1_; Field II 00000...000..000..~0000.100:000000000000.00000.‘000
o | |

,"-;'; Charts I to Iv1g 000000000000000000000000000000000000000000

;".’,;m; Figures 1 to 53 oooooo00000000.o.oo0;00000000000000000.000.0

I |

{
ey 9

i

- - v PR

¥ f




SYMBOLS

1 - GECMETRY OF THE ELECTROSTATIC PROPULSOR:

r, 9, z

R

- d

ho

2 - KINEMATIC

-

U

u, v, w

o <Y

e ]
-

”

-

&

by 20

v

‘
>
N

cylindrical coordinates .

radius of the spherical emitter

distance between emitter and accelerating electrode

height of a spherical segment
QUANTITIES: |

velocity of the electric particle

components of ﬁ

acceleration of the electric particle

time |

c;;;g;;t kthéé;em of lifing.};;césj - o
_dr

dz

dz

injtial velocity of the electric particle

initial coordinates of a trajectory

initial slope of a trajectory

maximum velocity of an electric particle

* - 3 - ELECTRIC QUANTITIES:

electric potential

space charge

i

‘absolute permittivity of the void
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electric fiélérr :
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E? electric field induced by the space charge L

i} D electrostatic inductién '
Ve accelerating potential
m mass of the electric particle ;

q charge of the electric particle

e " elementary charge of én electron
L Jo  ionic emission density, in amp/rf
?"f js emission density at s;turation |
;;'? A X surface density of emission or nurber of partigles emitted

I

»

per second and per unit surface
il ~ ANALOG QUANTITIES: |

N !
S $ analog potential (Manalog field")

e k  analog coefficient defined by & = kV
S o= QP - & analog potential, created by the space charge
L *t. ap N ‘
I —5; reduced space charge
Do E, E'  electrodes '
A c electric conductances
v = -k constant
Ar, Az cutting step in direcfion of the axes r and 2
i intensity applied to éne node of the network
“t~€ R¥*, Rj’ R, electric resistances é
: X variable resistance

C f R, true resistance !
f ip, i, i¢ intensity discharged By the emitting elecﬁrode
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. °5 - SUBSCRIPIS:
e, f, a

o

L, P

i, j, 4
g
|6 - MISCELLANEOUS:
' (v)
®), ()
dar, do

T .
Log
log

I

: “Ib: n, r, P, p;’
L

L R,

volume

quantities related t§ the emitting, focusing, and acceler-
ating electrodes

referring to a node of the network

quantities of the solutions of laplace's and Poisson's
equations

indices of position and summation

quantities referring to a grid

surface

elements of volume, ;f surface.
auxiliary coordinate;
auxiliary coordinates

vector normal to a sprface
vector tangent to a curve
thickness of the beam

increment

laplacian operator

absolute temperature

Napierian logarithm

decimal logarithm

intensity

radii

boundary of a domaiﬁ. E%, €¢f partial, total errors.

error introduced by the method of finite differences
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INTRODUCTION = . i

Electronic optics and its technical applications involve a study of the
motlon of an electron beam in an electrlc field, produced by electrodes brought
to a given voltage. The problem is d1v1ded into two parts: first, definition
of the distribution of the voltage V and, then, determination of the electronic

.. trajectories in the thus defihed electrestatic field.

In certain cases, the function V can be obtained by using conformal geom—~
Ietry or methods.based on certain expanslons in series (Bibl. 19, 20, 21, 22)
but, in general, the problem cannot be solved dlrectly. Then, for determining

"the voltage chart, numerlcal appromatlon methods (Bibl.23,2,,25), graphlc
“._rmethods (Blbl.26), or - more generally - analog procedures are used of which

————— the most- practlcal, and probably the most accurate one, requires-an electro- -

lytlc cell.

In an electrolyte, for.permanent operatlon, the potential Vv verlfles the
Iaplace equation AV = O. The same holde true for the inside of a vacuum tube,
‘,,where the space charge can be neglected; This approximation and the character-

;f}istics of the laplace equation were used for studying, on an enlarged model, in

-—-ithe electrolytic cell the vbltage distribution taking place in a vacuum tube.
_;m;Unfortunately, in numerous cases, of interest, this method constitutes only a
‘very rough first approximation, specifibally in the vicinity of a cathode oper-

~ ating under space charge.

'
1

For bodies of revolution and in the case in which the electrons travel in p.5

‘:-jthe vicinity of the axls, their veloclty making an infinitely small angle with

r;»-this axis (Gau351an approximation of optlcs), it is readily possible to deter-

. 3,

lmJ.ne_the electronlc trajectories by calculatlon based on the voltage distribu-

e e . i.___..__ e ey



tion V. Various authors (Bibl.27, 28) have develoﬁed-ééﬁpiicated eqpipmentr

which permits-an automatic tracing of the trajectories, with satisfactory accu-

L_racy. More recently,-other authors (Bibl.l,5), invented simpler equipment
which also gave satisfactory results. vHowever, the-graphical methods, com-
piled by Musson-Genon (Bibl.l), are useless if the initial velocity of the
‘electric corpuscles is zero.

The electrostatic interactions, existing between the charged particles of
'a beam, influence the voltage distribution and thus also the shape of the elec—
tronic trajectories. The voltage distribution V, in the zone occupied by the
rbeam, thus is controlled by Poisson's eépation AV =-p fey » | |

A study made by the C.N.E.T. (Bibl;Z) develops an interesting solution
method for Poisson's equation. By meané of integrals, one obtains the voltage
”and the electric field produced, at a given point P, by the charges placed at
a point ¥ or contained in a sector of the beam limited by a curve I. The

a semi-analog process requires determination, in the electric cell, of the elec-

tric field EL on the cathode. The computationS*appear lorng and involved for

Vsimple electrode shapes, which hardly makes it desirable to generalize them for

‘more complex shapes.
R.Fox (Bibl.3), in studying vacuum tubes of revolution, used a paper con-

~ ‘ductor whose resistance is uniform in one direction and inversely proportional

- to the distance in the orthogonal direction. The direct injection into the
paper of the intensities representing the space charge obviously increases the

'"},inaccuracy of the method, which might lead specifically to a roughening of the

problem.

G.R.Brewer, J.E.Etter, and J.R.Anderson (Bibl.,) have developed a complex p.b

7'-.unit which, on the basis of data collecied in a galvanometric tank, automat-

S S
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directly simulated in the plane-bottom cell, by injecting electric currents.

This process poses complex technical problems which apparently have not yet

~ been solved in France.

R.Musson-Genon (Bibl.1l) proposes an elegant method for solving the Poisson
equation, using a suitably shaped bottom of the cell and also operating by suc-

cessive approximations (the space charge p being connected at the height of the

’"'electrolyte).- However, this method requires a bothersome and complicated

T . shaping of the cell bottoms at each approximation and presents serious diffi-

" culties in the vicinity of the emitting electrode.

i
i

The solution of Poisson's equation by means of a resistive network can

‘-vproceed in two manners: direct treatment of the expression AV + p/ey = O by

1

‘_lZnDdifying, at each approximation, fhe resistance values in order to take the

5_:$;éée charge-into consideratiéh (ﬁ%iéh'éompares to a modification of the height
“of the electrolyte in a tank), or else thorough study of the equation

AV =-p/ey, in which the first term is represented (once and for all) ‘by fixed

_ resistances while the second term is simulated by an injection of current into

1

L ‘

’
<

—

.each node inside of the electron beam. We have adopted this latter solution.

In a first phase, an approximation of the "Poissonian™ is obtained by neg-

_’lecting the space charge (p = 0); ina second phase, the voltage readings, made
" on the network are used for calculating, on a digital computer, the correspond-

?ing trajectories and space charge.

The obtained results permit defini#g a new approximation of the Poissonian
and approaching the second iteration, a%d so forth until convergence is reach-
The computation method described i; the present paper is then applied to

o -

g 1 ,

p.7




—~:ic;icvbr0pulsion. Thls (Blbl 29), based on the electrostatlc acceleratlon of
:.1e1ectrica11y charged particles, reqpires the following:
- power generators;
- ion sources, each represenﬁed by a feed of propergol and an ioniz-
ing device;
- systems of driving elect.rocxes, generally comprising focusing, ac-~
ceierating, and deceleraﬁing electrodes;
- - electrcn guns for obtaining a neutralization of the beams.
The investigation made on the electrical network specifically requires a
"jjgperfection of the ionization. This perfection must be obtained in practical
:~~jwork (Bibl1.3,4,30,31) since otherwise the presence of nonionized atoms may re-

.l sult in collisions with ions and, consecuently in a breakdown of the motor.

On striking the acceleratlng electrode, the ions produce there an erosion

“J— which must be minimized as much as p0351b1e. Conseqnently, the focusing of the

t«—-beam must be extremely accurate S0 that the operating time of the motor w111 be

:'-—at least several days 1f not several months.

’3--1 If the beam of particles ejected by the astronave is not electrically neu-

;lwftral, the propulsor becomes negatively charged (since it yields positive par-

Iw;ticles) until its potential prevents the departure of new ions. To neutralize

A

:~§the beam it is sufficient to inject electrons downstream of the accelerating
"1~fe1ectrode, in which case the field of the space charge attracts the electrons
::~:to inside the ion beam. To prevent a return of the electrons toward the source

“oof positive particles, it is sufficient to insert an electrode known as the

- l

';-~;dece1erat1ng type. In first approx1mat10n, we will neglect the influence of

;'"'thls neutralization, assuming that it has practlcally no influence on the shape

R l

- of the traJectorles in the v1c1n1ty of the emltter.

;
e e g

i



In the first Rart.of'ﬂhiéw}epdfi; the eduationsvtfeating theAphysical .
problem are compiled before describing the method of analog solution. The pee
f: differential equation of the trajectoriés is solved on digital computers of the-
Garma AET type, by the Runge-Kutta method of fourth-order integration. The
transformation of the.triple integral IY div (pﬁ) = 0 is a surface integral
which permits a step-by-step calculation of the space charge, taking the ele-
mentary current tubes formed by the beam trajectories into consideration.
The second Chapter discusses the electric and kinematic limit conditions
-and their representation on the electrical network and on digital computers.
The third Part is devoted to analoé realization. The network is composed
of several insulating panels which are ?eadily interconnected, each consisting

of ten rows of twenty nodes each. The domain under study comprises about 700

nodes. The electric resistance, installed in the pin of an electric plug, is

g ;lbiééed betwéén twgusucceS;iQeﬁﬁodes. Tﬁe eléét;ie feé&»of tﬁevneiwo}kris'AAne
by direct current, since pfactical expefience has shown that the high resist-
- ances,used for application of electric éurrents that simulate the space charge,
‘result in considerable dephasing when alternating current is used.
Before considering, in Chapter iV, application of the method to the
ithree—dimensional case of axial symmetry, the problem of the plane diode is
-, first treated in order to check on the ;apidity'of convergence of the iteration
process. Several methods are developed‘so as to.obtain a voltage distribution
-'cbrresponding to a saturated emission, together with the value of the resultant
emission density. i
T An estimation of the errors in the?last Chapter indicates that, although
4r;isome of these errors can- be classifiéd,:it is quite difficult to make‘an.eval-.
7i-£uation in the case of others.



p-9
N CHAPTER I
LOCAL EQUATIONS OF STATIONARY FIELIDS
AND THEIR APPLICATION
p-10

1.1 Local Equations of Stationary Fields

For a continuous distribution of electric charges, having a volure den-
- sity p, the classical continuity equation is written as follows:
-
20 4+ v (PU):O (1)
ot '
~—"".  where U-denotes the ‘velocity vector of the particles contained per volume ele—"
_--ment dr.

Since the electric field is stationary, eq.(l) reduces to

- | div (pZ/’)=a (@)

- -assuming that M (§,7,0) represents a point of the volume (Y). Since the charge

of the volure dT is pdr, the electric field E at a point N(x, y, z) will be

Eo_1 Lol [oged (1) |
. 4né /P o’ are, | 7 ”(é’ &)
‘ °. V(@) (@ |

~,:;.. » " . ‘._.__-,6',4_.,_

—— W —a



‘The electric field is derived from a potentlal like aﬁy field of central
- forces: |

—

E=egrdV —_V vV |
()

The electric voltage is expressed by the integral

- . < ’- ’ p - - B
V= L
o A ' 4né, A) . i )

On introducing the electrostatic induction vector B

= &E and taking eq.(3)
_into consideration, we obtain

N ' - div D = e (6)

~-- A transformation of eq. (6), taklnw eq.(h) into consideration, leads to -
) the Poisson equation: -

N

_e
AvV-_¢

(7)

Since the electrostatic drive revolves about the axis 0Z, the cylindrical
-~ coordinates (r, ©

. - the symmetry.

» 2) are adopted inm all computations in order to rake use of

i

The space charge exerts a double action:

1. The charge creates a radial centrifugal electric field E'r which in-
..~ creases the angle of aperture of the béam (Fig.1)

In order to overcome this dlvergence, a third electrode known as a "focus-

|ing" electrode must be used, whose 1nput diaphragm must be sufficiently large
_ito. permit- passage of the beam._ __

[N, ——



Z._.coordinates, we have

!

§

t

. ing fleld and resulting in a llmltatlon of the current density that the beam 13

h‘ able to carry. o _ 3

- Vi due to the

space charge and also satisfying the Poisson equation because AVi =

These two effects combine to give rise to a voltage VP

0.

1.2 Differential Equation for the Trajectories

frjyneglecting the mass forces.

i

The basic equation of dynamics, applied to electric particles of mass m,

-‘:;charge Q, and subjected to the accelerating field ﬁ, is written as follows:

m.?=72‘.=_ g g;;’V (8)

Assuming that u, v, w are the components of the veloclty U in cyllndrlcal

du

—_ e——
=

J

r

-------_-—-----_------------------

+ U grad L

Since the field E is stationary and taking into consideration the axial

Zi!fsymmetry, considerable. simplifications are obtained:

S
i
|

3

U _ ; v=o0
- du 2\ __, 2V
" .. Consequently, rm (a 2r w 32) 4 2r

: o = 2V

| ° |

_f L - or 0z 0z (9)
’ JLet us assume that : ;

l’r'; Lda

| |

2. The space charge creates a an axial field E'_ 2? opposed to the accelerat- :

" pel2



- Since

It follows that

Let

(rwl“_i+wr +wra_"i y

<wr _a_w_ + w 3W>= - ﬂ
0z 2z
D .
m sz'”= E—V- _a_l,_.

-7 or 0z

_The theorem of living forces permits to write - - -

This latter equation can be obtained also from eqs.(9) and (6).

- Consequently,

- 7 V+ constant.

m <1+r'z) wl=_29V + élq

_where 2\q denote a constant.
Finally, the differential equatlon for the trajectories is expressed by

1
+

II

(m ) X

» OV
Oz

)

(1)1

A.p.13
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MSihéeft}he wanted result is a solution of Poisson's eqﬁ;tiori —fof‘ tne r;xist
. general case, the present paper will furnish» a rethod of analog computation,
.'  }taking all characteristics of the entirc-; unit into consideration (external shapé
" of the electrodes, geometry of the pro.pulsor, initial conditions on the exﬁitt_ed_

'part,icles, voltages applied to the electrodes).

1.3 Analog Solution of Poisson's Equation
~ Equation (7) can be written by means of cylindrical coordinates::

i

T oV + 1 oV + e} V=_ P (7))
; orF F or | 2T EH |
-0 » 2 ‘
..in which the t,ermL2 ‘g';g‘l vanishes because of the syrmetry.

N Before dlscusslng the ana.log representatlon of thls equatlon w1th partlal

e derlvatlves by a network: of res:.stances, it is necessary to replace the equation

i by a relation with finite differences.

l1.3.1. Relations with Finite Differences

let us assume, in the meridian pla.rie, the presence of any grid or lattice
rrrrr (F:Lg 2) whose sides are parallel to the r axis and to the z axis. To any point
.of intersec..lon of the two straight 11nes, fon::_lng the lattice, a lattice point

. or "™mode" corresponds.

)

Let us con31der a node 0, to which t.he subscript zero is given, and the - P-4
“‘:"; "cross" which it forms with the four surroundlng nodes (1, 2, 3, L). let %,

Vx s &, B, V4 be the respective values of the function V(r, z) at each of these

’ points and let Az, Ary, Aza, Ary, be the distances separating the central node
! ! -

‘-:-—.krom its mmedlat,e nelghbov's (dlstan"es whlch are very short with respect to



N unlt. length). T T ey

T From the Taylor formula are derived the following relations, known as

"finite-difference relationst:

2
VV= (aV Az, 9 V) Azf.+L
I 2z /o 22%/o é
: 3
\g..\;= 3V Arz-l-.__ D Ar2+__ 31. Ar’-l-’ 3V Ar + e
ar 2 \2r2

r Zr" 2 ?I’
V,-V,=- )A +_<azv Az ‘-..(

Az':-l-i ) Az +--..’

12
Az +_f. 3V 42, . - (12)
. 22* :
V_V_- .E_V_ Ar, +_< LV)Ar -—(— Ar4 3V> Ar4 *o...
or/ *Jo ar¢ |

7

From which it follows tnat

fl; et @ o {00 WP E ) oo

a f,;by limiting the calculation to the terms of second order and by adopting a reg-

_ular meshing with steps Ar and Az.

; Consequently, it seems that the second term of eq.(12)* can be represented

‘,by a network of pure resistances.

L 1.3.2. Electrical Networks

- Let us consider an electrical network fomed by the conductances C;, G,
Ca s and G, arranged in accordance Wlth the preceding lattice (Fig. 3)
Kirchhoffts law of networks



JZ=4£ =0 | (13)
“J=0 J ) ,

(where the current intensity io is applied to the network at the node 0) can be

transformed as follows: -
: ‘ G (@j-Po) +lo =0
;_where ¢ denotes the analog potential function, treated at the network. Expan- p.15

sion in a Taylor serles and lirmitation of the calculation to terms of the second

. order will yield

’ : L +<3¢> (c Az, _C, Bz )+< )(c ar,_ ¢, &r, )
| - + (b qS) <C, Azf+€_,dz3) ( <" L Ar; *Q A’4> -
- - 22%/0 2

Let us adopt a regular meshing, following the two axes:

B Az, = Bz, = A:
i ' .. Arz = Ar4 = Ar

The indentity of eqs.(7)* and (14) requires that

C, = C:’ ¢ :kV :
: 2 ' (15)
‘, -%Lz..(cz'f ¢)=rar(c,-¢)-= .42_2_ @ +6)- ‘ok:o | |



€, =€y = G |
ac

€= - 5F
AC

C; = ¢ + >

A solution of the system of equations (15) leads to the following results:

o o AL L [G=FT) . (16)
- r ' .
" Ar? Art ] 1
CZ = C’_ Azz — CZ = ,8r Az’ ( 7)
{,= _’%Tﬂ_zf | (18)

The finite-difference method, applled to the electrlc network, leads to

the following conclusions:
The conductances C, vary linearly with tﬁe distance r.
The conductances C;, are constant along a parallel to the axis of the
electrostatic drive. .
The intensity i, is proportioﬁal to the space charge over a line
s r = const. | » |
The direct electric analogy betwee;x the voltage V of the physical field

- ' ' polé
...and the potential ¢ obtained at the retwork is expressed by

o :  g=kv oy

where the constant k depends in a general manner on the voltages applied to the

N & ’ e



. ‘electrodes and on the expéfihéhiai>écale. The eléctric'intehéitiéé,yéébiiea to

. the network, are therefore equal to

kP Cz AZz
éo -

An investigation of formulas (16) and (17) shows that the resistances be-
come infinite near the axis. This leads to a particular difficulty; to over-
- come this difficulty, certain authors recormend thé méthod of a diagonal net-
 work (Bibl.7). We preferred to use the'method of ™rue resistances" corbined
_with the method of "hollow cylinders" (Appendix I).
‘ The current intensity, applied to éhe network at each node is a function
;‘:of the local charge density p. A compu#ation of this (see Section 1.5) requires

~T'knowledge of the trajectories of the electric particles.

.h Solutlon of the leferentlal Eqpatlon of Tragectorles on Dlgltal Computers

The differential equation, written"in the form of

5:*.7' ) 14r%) (22 _r' 345
| : ( )< ' (20)

rll

2(s+ v)

can be solved on digital computers by the Runoe—Kutta method of fourth-order

integratlon (Bib1.9,10).

—- Before this, on the basis of the voltage card ¢ obtained at the electric

., ‘_ ‘ p-17
e network, the partial derlvatlves-%%.and g@ must be calculated. This computation

: |

“_is made by a method of parabolic 1nterpolatlon, of which a brief discussion is
:ﬂgiven here for better understanding of the remainder of the present discussion.

i

TR T S



|

" Let /Xi-l ,7' X, X.“.l“ be threeabsc1ssgp01nts where a function Y assumes ,>
f‘_ ‘respectively, the v_alues Yii, Yy, Yi4q . The values y; of the function, é.t a

- :point bf the absciSsa xy located in the interval AB, with A and B being the
~respective centers of X;-1X; and X;X.; (Fig.L), as well as its derivative

(6Y

dX) are ottained by the equations of parabolic interpolation:
L .

_ (I )(I H) )/ * Xl”)(.r X. ,) )’-f (I x‘ ’)(J’ X ) v,
L 5/ Xir l)(xl-l Xier) ) X (X=X, ,) (X:p,-X ’)< “'-x) ‘*'. (21)

and, deriving with respect to x,

a.‘/l. - 21" (X ’ 7‘!) >/ _’sz ( lﬂ l) y 2{'°(X£'I )

05 (X,-X) (X, ,,,) K- X %-%er)  Coor X ) KX

lfl(22)

_ Formula (21) represents the equation of a parabﬁla passing through the
three points (Xi-1, Yi-1), (X, ,» Y1), (X1+1 R Y,u) It should also be noted that
T the parabolic interpolation gives an erroneous result in the case in which the
vertex of the cone (21) is located exactly in the interval Xj-; X; to which x
belongs (Flg L); this unfavorable conguncture is the less likely to occur the

. smaller the intervals.

Let us consider, in the meridian plane (z, R), a lattiice forming four rec- /18

gl'___'itangles at whose vertices the function ‘f, representing the analog electric po-

-

: ‘,:_:tential, takes the nine values ¢, & ,-l.ég (Fig.5). The centers of these rec-

TR
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[

t

. ‘tangles define another quadrilateral ABCD.

Let us assume a point of coordinates (z; » Ty ) located inside the rectangle

_ ABCD and let us determine the following at this point:

i

By directly applying the parabolic interpolation formulas the procedure is

' ‘_ia.s follows:

-

¢

28
2R
x2
2z

(=

(= o

respectlvely, on the axes

\,.

values ¢ (H), ¢ (1), ¢ (3).

arbltrary. the points E, F, and G would" furnlsh Just as acceptable a value for

,--‘5 (z1, 1y).

-

- Calculation crf

This selection of the points H, I, J is completnly

o)
(= - 5)
i)

derived in direction of the Z-axis

]

H

i

derived in direction of the R-axis

-Calcula.tlon of ¢(H) (). d(r), ¢(£) S (F), é(G)

"L+t

(z; » Ty) and of az (z, R r,) by means of eq.(22) and,

i —»,irespectively, of the values ¢ (H), ¢

_Q_,_ﬁ,Slnce the initial condltlons of a tragector'y,

(I)) (J) and ¢ (E): (F), (G).

.e., the r} and _the coor-. .

-_ :by means of eq. (21), based on the values of the field at three points located,A

- Ca.lculatlon of ¢ (24, ry) by apphcatlovi of the same formula to the three

29



{ji‘ Let us assume three closely—spaced traJectorles 1 2 3, (Flg 6)

dinates 7, 1 of the point of departure ¥ are known, it is possible to cal-

. parabolic interpolation of the values of the field ¢ obtained at nine points

culate r', from eq.(2C), taking into consideration the results obtained by the f

;,surrounding }o . The Runge-Kutta integration method thus permits obtaining the

4quantities r' and r" in steps;
- at the point z5 + 8z, if the values at point 25 are known;

- at the point z + 23z, if the values at point z + Az are known.

A‘,i.S Calculation of the Space Charge

The research on trajectories (electronic or ionic) on the basis of the

configuration of the electric field having been completed, the density of the

-'f local charge p must satisfy, at all points of the field, the equation of con-

L tlnulty (2) (Outslde of the particle beam, we consequently will have p = 0O.)

Let us then consider the annular volume (v), delimited by the extreme tra-
i Jectories 1 and 3 and by thé planes z = 23 and z = zZg41

For a current tube, Green's forrula will be written as

S @D ff 63 7 e
T T - 3

~ where T denotes the normal, outside of &he surface (T), limiting the domain (Y)

Taking eq.(2) into consideration, we obtain

/ el n de =0 (23)
< .

~i On the lateral surface of the curfent tube, the velocity vector U is nor-

1.____,- —_—

SIS U T

!
t

l



—-‘Finally:
L

f
;
i
t

b

- ma.l to n. Consequentlv, the contrlbﬁtlon of thls boundary is zero.

let Py and Py be two points appea.ring on the extreme surfaces (planes)

:21 and £43. Then, eq.(23) is transforred in accordance with

// e(P)U(p) . o5 +// G )U( )7;} d, =0 (23);:

— where M and M+; denote the points located on the intermediate trajectory 2;

..we assumre, in first approximation, that:

- the fields of the velocity vectors ?I(P,) and ﬁ(PL), at each point

- of the sections Z; and Z;,,, are represented by the uniform fields

- . where

T4 ) and T(24)-

cos c“- - ___,___dnd ﬁmd"' - _(_’;

.—-the points ¥ and M+, .

€ e

P
aa .L...l__a -

7

v 1
\/I + r;‘

)

] Then, eq.(23)' is simplified into

* (M )// u(m,) n; de. + p( ,,)//

p(/‘l)U(M ) wr g, / 9 = PHirr) Y(Hey,) o m—/z /6

Vrstty? ¢,

i
i
i

__18.‘ S

_ - the fields of local space charge ¢ (Py;) and p (PL) are also re-

—- __'— - -—placed by-the uniform fields p (¥ ) and p (Myey)e~ — —— ———

- _
in) o a’(’z =0

137}

dz

M

= Let us a.ss:.gn the subscripts i and i+l to various quantities attached to

// ds;
V 12
!ff“, zlfl

e
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i
fi"' ‘/<@=”05Jf%
- -. z‘. :

;_ denoting by ny and r3 the radii which correspond to the tragectorles land 3 /21

whlch define the boundary of the plane sectlons (Fig.6).

— From which it follows that

| . 2 2z - ,
- ‘ : C: UL _‘('}'—- r‘ "'—)' - = Pt"fr l/[“ (r;- r’z)‘:“ (2#)

— 72 2
oot 14r; ‘ 1+r,,,

— |
] !

] Equation (24) permits a step—by—stép calculation of the space charge p

) r

'(see Chapter 1I), taking into conslderatlon the form of the emitter and the ini-

—_— —~~tlal slope-of the-trajectories. The- computatzon, programmred -on the-IBM 61&"“"’. —

-"' — . '
’7,,'computer, reduces, on the one hand, the time required for solution and, on the

~I ‘ : , _ i
_ —other hand, the risk of manuwal errors. = ' Co
st . i

©11.6 Iterative Solution Nethod , | | | !

bl H '

— Solution of the Poisson equation obeys the following law:

- - Since the emitting electrode is rigidly given, an arbitrary form can be
~i..given to the other two electrodes (focusing and accelerating) which, a priori,

—are unknown. The approxiration, of the so-called "zero order", consists in

s fdetermining, at the electric network, the laplacian field which satisfies
|

AV =0 ' (u)




i
U
1

[ UV

On the basis of ‘the beam of t trawectorles, correspondlng to this Laplac1an ;

A

e
?
fleld the computation furnishes a local space charge po which, when appiied to

) the network in the form of electric 1n+en51ty over the intermediary of high re—:

l

2;J31stances, will result. in a first-approximation Poissonian field, such that

i
!

!

1

AV = Lo | 26)

- |

i i

An exploitation by digital computeirs of this second field leads to a new

" |

_network of trajectories, from which a space charge p; is determined. The suc-
! ]

|
_:cessive approximations satisfy the foll?wing equations:

o oAv__e :
e - - LI P — - A2y
T AVe=- & | (28)

!

‘__{ In general, each cycle of approximétions takes place at constant emission
22 l '
den31ty b (in this respect, two methods will later be proposed, in order to

determlne the electric potential correspondlng to the case of a saturated emis-

/
S

sion) : i

|
A third, more interesting method, permits a definition of the emission
l

den31ty at saturation, by adjusting the value of the parameter j at each ap~-

_iprox1matlon, in such a manner that the ?lectrlc field is canceled at the sur-

Ly |
lface of the emitter. - i

~7 Convergence of this iteration method is ensured after the third or fourth

«_approx1matlon, S S . _M_E
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-

In view of the fact that the final goal is to obtain an optlcally correct
“ fconflguratlon, it is necessary to repea"c. the cycle of computatlons with new

: _dimensions of the accelerating and focusmg electrodes, wherever the selection
T.f'_ of electrode shapes had not furnished a' satisfactory result.

4
!
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CHAPTER II .
|
|
t

L LIMIT CONDITIONS

— The electric potential which, at any point of the domain of definition,

" .. satisfies Poisson's equation (7) must, along the boundary, also satisfy the

27 1imit conditions of the physical problem.

i

— 2.1 Physical Limit Conditions &

‘

.~ 2.1.1 On the Electric Potential ; i

R |
~>_{ The electric field E, rroduced by keeplng the emlttlng and accelerating

2.1_-:electrodes at two different voltages, must accelerate the particles of charge q.

[

7 The direct analogy between the phy31cal potential V and the analog poten- |
o i
- _itial ¢, tapped at the network, is expressed by the linear relation '

So . ' . _ i
5 $ = kV | (19),
f : . , {
S f
— i
J__.' The electrical network has the advantage that it is just as easy to trea.t

:leither of the two problems which may oc|cur in practical use: the electronic

. problem and the ionic problem. In the flrst case, in order to obtain extrac- | i
'i-'tlon and acceleration toward the propulsor exit, it is necessary - according to:
weq. (8) - that the vector grad V and thu!s also the vector grad ¢ be directed ,l
|

1 1 ;
L iequal to -e, where e denotes the elementary charge of an electron) whereas, in l

y o . T R Ty -
P e eten oo P2 : .__._.,___J'

/23

/2

)< —": along the perpendlcular exterior to the emlttlng electrode (the charge q being ,.



’:ifElectronic Problem:

an ion being equal to +e).

|
|

r—-.__.- — . a——— e —

e e o

'
i

B

-The limit condition, obeying the direction of grad V thus will be as

- erllows:

Jonic Problem

Ve

V.

'
i

Vs, on the emittihg electrode

.0-Von the accelerating eiectrode

_-where'V;‘designates the accelerating po%ential.

C
i

+

|

‘tne second case, grad v must follow the 1nter10r perpendlcular (the charge q of

o ’ It is’Sufficient to inverse the preceding potentials on the two electrodes;

The focalizing electrode whose role it is to concentrate the particle beam

touard the axis of the propulsor, is brought»to a certain-voltage Vi-.

In-our -

experlments, we always adopted V, = Vy so that it would be deflnltely possible |

to use the Runge-Kutta integration method. In fact, this method can be used

only if the second derlvatlve gZa does not become infinite, since otherwise

thls impossibility can be presented 1n the two cases (11):

I ¢

or
—_— —) 1nﬁn1te
dz

V_A-=o0

In order that.the ions are sufficiently repulsed, it would actually be
!

T;}the emitter.

|
However, there is a certain risk involved since it is definite

risufficient~to bring the focalizing elec%rode to a voltage higher than that of

_that an equipotential line exists in the field so that V — A = 0. If the jon

¢

A_;nwthod will become inoperative.

I

-hfparticle encounters this line or approaches it sufficiently, the integration

i

To avoid this risk, it is suggested to adopt



Let Uo be the initial velocity of theAcorpuscles which we will, hereafter,'
1 - ;
“lassume to be ions. The influence U, on the shape of the trajectories in the
. | ?
_vicinity of the emitter is expressed in the following results:

1

13 2.1.2.1 Zero Velocity lb

: The limit conditions to be satisfied for the electric potential are as
i : _ i :

T follows: !

damm s

O

Co nsequently, the dlffere'ltlal equatlon for the ion traJectorles is written as .

| |

L () (202 o
r= v ) (29).

follows :

,_‘i*“ﬂ ' Va =0
271 Equation (10) yields A = V,. -
.

T _1

\
i\
)

AWN) WY
]I A
N

1L

!

~

__f |

I |
é_-t.hat gzza becomes infinite there. Thus, application of the Runge—Kutta inte-

£ -—1 gration method on digital computers is poss:Lble only beyond the point Ivo . How—

!

"wl_ ever, as w111 be discussed below, 1ntegratlon can be made by using a p01nt M,

‘—1 |
b :located, exterior to ¥ on the normal to the emission surface, as the initial

i 7Jp01nt. In fact, let T and n be the vecLors tangent ard normal to the electrode

- |
- ’—1 (E) at the po:.nt, }2, (Flg 7) and let ¥ be a point of the trajectory issuing

A . S

i T S S|

e

|

At each point M of the emitting electrode we have exactly V-V, =0, so



S —

*ifrom ¥ , very close to this latter.

——

!

“ of the second order, in accordance with'

F(M,)~f(M,)=(¢,-¢,) £ (M,) +L‘§_I§lz £tm,)

Jirot

. iwhere f* and f'" denote the successive dériva.tives with respect to time.
1. !

Consequently N o

.

T oo AtE
M, M, = At U+ ¥,
2

f'ff:by assuming that - At = t,- to ;
|

4

PR S

~

{

N

!

o1
<

il

]

1

2:5_;61‘ the ion particles at the point %.

3 A function f(M, t) can be developed by limiting the calculation to terms

i _where -ﬁ, and Vo represent, respectively, the velocity and acceleration vectors

- ——— s — - ~—

2777 Thus, by definition: U, =0 a
z;_On scalar multiplication of the two terms of eq.(30) by T, we obtain ;
- ::N..? —-. — At: _ -
'vﬂ".; i z. ”O M' = —. . Z. Uo (31)
-l 2 i

u | ‘;
ol : z
37 The fundamental equation of dymndc?s (eq.8) will yield

- : b ;

my¥ =-9 gred V '
L3 Let 7 '9 »
1 —_
;_’. 3 -_1 (radV) (32}
i 0 m M.

S
"'_”_'rrom which it follows that
T : |
x'_(:.;__i . 2 — (33)

4 - — qAL -

. : .MM =-.___..z‘.GradV |
o G R ] M ‘
= m. ) i

S S R

L ovem 25 ] S



: iw- The emlttlng surface is an eduipotentlal line; ‘the vectors n and (grad V)Mb

f are colinear. Consequently, =

o - ’ i

__Conclusion: The ion trajectories are orﬁhogonal to the emitting surface if the

'

.M M =0 - (31)

The point ; , therefore, is located on the normal 1.

[N U N 2

-

_initial velocity of the electric corpuseles is zero.

.:. [

This statement makes it possible to apply the Runge-Kutta integration meth—

od, starting from the initial points M located on different normals to the

__emitter. The distance %M = An may vaﬁy in a noticeable fashion. The shorter

r~')

;‘%his distance becomes the more will the'traaectorles approach thelr real- p051—

+
! t

o tlon, but at the same tire, the risk of;errors due to a poor parabolic extrapo—

r.
i

~ leading to a much longer total 1ntegratlon tire. Consequently, a compromise

- "!

i

-

ied

: r show, in a precise case (Laplacien fleld), that the trajectories, issuing

)/

G

must be taken into consideration. The. check tests made with the ratios %— are

eqpal to 1; 0.5; 0.25; O. 15; 0.10; O. 05, and the different angular coefflclents

1
1

from one and the same point, constitute a sort of 'horse tail" whose thlckness

_ varles in the same rroportion as the quantlty A If we use & for denoting the.

o

] ' |

_;dlstance (F1g.8), for a given abscissa ﬁ, between a trajectory with any angular’

‘”ooefficient and the real trajectory of the ion particle, the curves of Charts

: II; and 1L will give the evolution of thls thickness as a function of the rati

nol

>a"eKF"; when extrapolated to the origin, these'curves show that ¢ actually tenda

! I

. tlon method up to the eritting electrode - and this no matter what the adopted

-

I

|
10
i
toward zero, which would prove that, if it were possible to apply the integra- i

inltlal slope may be - the resultant trajectorles would all coalesce into one,

i

e o S Ty

latlon (aeg,Secthn 2.2.1) will 1nqzease and_ the -integration step w1ll,decrease,,



g
!
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i

i

na.mely that correspondlng to the angular “coefficient of the norrral to the p01nt

- |
lb under consideration. i

2.1.2.2. Nonzero Velocity lp

|

: |
- z r
- 1

|

i

l

Y

Let a grid G, charged to a potentlal Vi » create a "preacceleration" of the

emtted particles. The geometry of thls grid is homothetic to that of the

!

"% emitting electrode for the case of a spherical segment and translated in the

:f_.-.'case of a plane emitter (Fig.9). The electric particles are extracted from the

t

—— . i

:L emlttlng electrode at zero velocity. After being accelerated in the space be-

i

tween emitter and grld the part.lcles reach the grid with a uniform veloclty Ua.
- Thus, it is sufficient to treat the problem at the network by means of three
— i i
-‘electrodes: grid, focusing electrode, and accelerating electrode, where: the grld

“2 pla.ys the role of a source of ions hanng an initial veloc1ty W . :

AN The physical limit conditions are {

= VL=V, ; V-0 V,r=V9; with 0<V, <V, §

— where U = b on the grid. _ i

i

Sl 2.1.3 Influence of the Emitter Shape on Calculation of the Space Charge

=N . i

- The equation |
i , E

I

.',_:,___: 2 2 2

, :"'l{ ) UL (r_, t ) _ PL +1 Ln (I}_I’,)L_”
'Jw; ' V 1+r v V,"'rur 1
Ir—»: ° : . ) !
L5 3 i |
_.1 ]
] !
] '
i

!
: —-3der1ved in the flrst. Chapter (see Sectlon l 5) permits a step-by-step calcula-

—— ‘__._.____

27 i ' —




tlon of the space charge on a glven tragectory, taklng into con51deratlon ‘the

!

Lo shape of the emitting electrode. and the position of two neighboring trajecto-

f: ries (Fig.6).

2.1.3.1 Spherical Emitter

: : |
For an emitter having the shape of a spherical segment and assuming that

* the ion emission density is constant and corresponds to a uniform current den-~

*_sity Jo on the emitter (3 = xe, denotlng by X the surface density of ermission,

- number of particles emitted per second and per square meter), we will have /30

—: 2 2
_ P Ui :r+(:,: " >g =/, /27rra’s
A A R

£

(35)

- o ?

.")

_in-which -case the ions-are emitted- orthogonally to the boundary- (E)- (see Sec~
. /v {
“tion 2.1.2.1).

The integral Iﬁ 21rds represents é surface of revolution. In the case of

- 1

. -—a spherical segment, we have

o | - /2 mrds = 2w Rh, (36)
. ‘ (3 ' :
:;Afwith: R = radius of the sphere? _ ;
- B =5y -y, - (37)

13;.;where z1, and za, denote the initial abscissas of the trajectories 1 and 3.
! .

T From this it follows that

R jo\/’+rt | o (38)5
(f Y

T S - .__28_____ i R

!



0 et—
: , i
- ! i
3! 2.1.3.1.1 Zero Initial Velocity :
’ 1
i ;

L

, | |

LI mui-_e(vi-Vy) |
2 . | |
" where V, is the potential of the emitter. |
; : i P

Ih Then, eq.(38) becomes ' ’ |

'
! - i

P ' . 12
pas L 2Rh j N\ 141

- Pi = P (39)

<! ’ 20 -V,

s (5 -ri)Vz2E (V)

- | |

2. . A !
—_— Let__us assume that - —_— -

o | x=\[22y, . o).

The dlmensmnless quantity J; is finally expressed by

(1),

£"_: ~  Consequently, the evolution of the quantltyf, reduced space charge

1(pr0portlonal to the space charge), along a trajectory depends on the slope of '

m__’this tra.aectory, on the p031t10n of ad,]acent trajectories, on the parameter 2Rh,

i ‘)

i

po——— f — e

. e e —— [ B
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(
L

*./linked to the geometric form of the emitter and to the cutting adopted on this

i |

E_J?emitter (total number of annular current tubes used for the calculation of Py

o

, '8

"W and the accelerating potential V,.

|

1

_.‘._J in the entire domain), and on the ratio %L between the local electric potenti_al'

The parameter p remains arbitrary; it is defined without ambiguity in the

“.. case in which the emission is saturated and in which the electrostatic field is

?chanceled at the surface of the emitting:electrode.
' o

R

t

! .
1 2.1.3.1.2 Nonzero Initial Velocity
7] :
i !
~ In the same manner, the following is obtained
=TT | '
: f
| (1+17%)
- ‘_‘ ’ 2 2e (L¥2)
. —— PL 2R ho UO + " (VS'V(.) .
<! : o (rz _r 2) '
;i"{ ' ° . 3 T
i .
ij} '2.1.3.2 Plane Emitter
3 : - ; |
|
AL Identical reasoning leads to the following:
z - }
S ’
u 2 2
. p; Uy m (r T ) .
_ b Y 3" ' _J [ 2nrdr
2
. V1tr? £
) 7 t
G4
.;r"; l
'__zf ? :
I:_by assuming the emitter to be similar t¢ a disk of diameter E (Fig.9).
R N :
v‘_:.Jl The preceding expression then becomes:
/-s..,.i ?
P o
b -'____TB,O __.._l —
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z=0 (M—)

Py, taking into consideration the

T - ) !
.~ values of the initial velocity lp of the ions, are just as readily obtained.

v i
i

- 2,2 Analog Representation of the Limit Conditions

i

The anélog potential ¢ which, at a&l points of the network, satisfies the

- equation : f , .

z7 - ) ‘ A =-k ;
i ‘ ‘ ¢ P/fo (5)

. . :
P .

_.h ‘must -express, on the contour, the llmlt conditions of the physical problem.
i Let (I') be a boundary of the domain (for example, ccntour of an electrode).

-+ Within the framework of ionic propulsioh, two cases may occur:

~ 1

~Ty !

< - 2.2.1 Dirichlet Problem ” » /33

H . ]
* 1

.;~a let the potentlal ¢ on an electrode (F) be known. This limit condition

..-uhlch is particularly simple is obtalned in all cases, no matter what the value

“r
.-

-of the initial velocity Uy of the electrlc particles might be.
C o Let us assume Uh= O. Except in the case in which the "saturation" (see

-7~ Section 2.2.2) is treated directly at the network, it thus is sufficient to

/-..

. ee ————— e e et f

' . . I 31 ———

t
'
|
t



jat;mg electrocies .

Tans

oo In general, the contour (I') intersects the meshes (Fig.10). Equations

__' (16) and (17) are no longer valid for the resistances joining a node such as O

. to the boundary.  Nevertheless, on applying the finite-difference rethod (with

;,_»_a possible correction due to the proximity of the axis) to this noce, the con-

. .ductances which terminate in O are expressed by

I ¢, Az, _ ¢, Az, =

gt | ¢

' Az gt Ar
- C.-¢C 1 :wn.th C,=/3r

T 3 1
e Az,

'
+

S
. ;Slnce Ar4 = Ar and Az, = Az
1

—~
-

i
{
L it follows that » |

25 . 2
— ‘»34__,_ - — - C,= r _._Ar_
Y 3= 33 Az,

|

23 'the center of the meshes, we have

2

Az?

L In addition, since the values of the conductances C. have been taken at

i
t

()

" where r denotes the distance of the nod;a O from the axis of the propulsor.

Ty | | - Ar

e : 04 = /3 (r_ J—
o | \ (u7)
! : Ar ~'
7 =6 [+ :
o , ‘ '
co One Dirichlet condition which is rather easy to satisfy nevertheless re- ‘

'i_,;quires accuracy in the calculation of resistances adjacent to the boundary.

af'.'“; This results in continuity of the field ¢ and of the partial derivatives g;;

od

l
-,Mand—é—ln this portion of the domain and thus also gives the

o ;
21 Jectories. ” [
b ) .

shape of the tra-

L | 32 32 ’l
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~ Because of this contlnulty, ‘the prlnc1p1e itself of the ﬁérabollc 1nterpo—

latlon rethod, applied on the digital coxputer Gamra AET, leads to serious dif-

dar

Afficulties. In fact, a ca’culatlon of the second derivative =—= at a point M

_ located on a normal to the emitter and adjacent to this 1atter, requires knowl--

» edge of the values of the field ¢ at nine nodes surrounding the point M (see
’flsection 1.4). Some of these, in the general case, are located at the interior

; of thé electrode (this difficulty may occur in all cases in which an ion tra-

- . Jjectory passes near an electrode, no matter which one). The analog potential ¢,

. i—which represents the physical potential V at the network, is constant at the

iiinterior of each electrode. Figure 11, for example, shows the evolution of ¢

“~_in the vicinity of the emitter boundary, in a section r = ry. It seems that,

" for 0<z< z., the potential ¢ is equal to ¢,. Beyornd z = Zey s the potential

__function changes abruptly since the partial derivative gg-generélly is discon-

tlnnous for Z = Zeys The Runge-Kutﬁa 1ntecratlon method based on contlnuous

" functions, yieldS'erroneous results under these conditions.

The solution adoped to avoid such discontinuities on the partial deriva-

fi:tives of the field consists in replacing the curve ¢ by a series of parabolic

0

:_arcs and to prolong these in the dorain O < z < Ze corresponding to the inte-

.. rior of the electrode. |
{

This method of parabolic extrapolation, made on the IBM 61C computer, rakes

At possible to rigorously apply the value % to the point z,, and thus to obey f

' __the Dirichlet condition, satisfied at the electric network. i

Consequently, the principle of parabollc extrapolation is identical with

. «.that described in Section l.4. The analog field is given, at the nodes of the

A~ﬁmeshes, by the coordinates of the nodes%and by the value ¢ of the potential. A

-— i

~ﬂd13crete series of points, flxed by thelr coordlnates (ry, z,,), schematizes

Tl | [k - LD



1

L S,

. uthe boundary (F ) of the electrode. ‘At the interior of this electrode, the

— l}

- ia.nalog potential retains a constant value ¢r. Wanted are the values of ¢ for
_f:_ithe points located at the interior of the electrode » in such a manner that

"¢ =% on (). »

» In réality, the coordina;tes are r and z. The search for the potential can?'
_ﬂbe effected either at r = const or at z = const. (In order not to particular- |

l"’. 1ze in the program, the coordinates are ‘denoted by x and y, where y is constant

i a.nd x is variable.) i

- F

i The extrapolation at the interior of the electrode is done from the bound-

~d
i
v

"—fﬁiary point and from the two nearest points, by representing the field variation |
‘ | L

by a parabola passing through these three points (Fig.12):

|

__ @-3, (z-2,)(x-%,) & FEET) L o (r-r)éf-f)

2! " (Ze-x)(E-%,) (,_ 2) (- r') -E) ®%-%)

-

=i i

_— The mode of extrapolation selected'(r constant or z constant) depends on
PRI ; :
__ithe external shape of the electrodes. Figure 13 shows the various modes used
2 -‘
.1n the case of the problem of revolution (see Section L.2).

1

~-ry

2

w_"point is the position of the trajectories with respect to the various bounda-

In any case, for a given geometry c;>f the electrode system, the important

_.._L

P

ries. This problem of neighborhood is 61‘ prime importance and determines the

.';’ i

]

|
'extrapolatlon methods to be adopted. Only the experirental results can yield |
i3] !
dependable data. Therefore, it is mpo;tant to refer constantly to such results
in all cases. i

— Consequently, the physical field, which is discontinuous at the boundary

|

_lof_each _electrode, is replaced by a contmuous field. It is a question whether.

3L|, i -




o the analog traJectorles, obtalned by thls process, can be con31derea as belng

2“ identical to real trajectories. The theory of distribution developed by L.

:_;Schwartz (Bibl.12) - see also Appendix II - gives a satisfactory answer to thig

'
!

7 'question.

2.2.2 Neumann Problem : | ‘ ;

— |
o The normal derivativ gé at the boundary () is known. This limit condi-
"Ei}tion is obtained whenever it is desired to realize "saturation", i.e., to can-

: ! ;
I._cel the electric field at the emitter surface.

N

G Let us examine the representation of the following condition at the net-
|

h:>7uork:'%% = !

3 I
=2

_? 2.2.2.1 Case of the d;e—Dimensional Problem :

'

< As dlscussed below (see Sectlon L. 1 2), the plane diode can be schematlzed

) 'at the network along a line of re31stances which can be assured to be mutually

0

Ji:lequal (regular meshing). The 1ntenslt1es applled to each node are, respectlve—
3\“-1y’ f1, 33, ... i, (Fig.l4). l !
l '

. — ¢ cers ch s -
BRI To satisfy the condition (LA O on'the emitting electrode, it is simply

ey dn

S sufflclent to have the node 0, which is the image of the ion source, assure a

1

R certaln potential while imposing ¢ =0 on the node (n + 1) representlng the

9

qg_éacceleratlng electrode. The potential of the node O then is rigorously deter- ;

1%_fmined taking into consideration the values of the resistances R* and of the

injected 1nten31t1es.

. Since the node O does not d1scharge, the current intensity which passes

through the resistance linking this nodé to the following node will thus be

- 3
::;jzero.

e e e e - e

i
i
t

—— ... —

e - .35 | —
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Consequently,

| 31
P é,:éo - _L’ =I’
* ; .
. | $, - $, = RI, - Lt =1, |
. ¥, and - 0
(ng) ¢2“¢3= RIZ ' : IZ+,L3_I3 (5)
éfl"-éﬂu="?jﬂ n-7+tn= n
o énf’-:o : | ‘ : k=n
T | | I = 2 1
o | n ket K
|
. | |
nilf 2.2.2.2 Case of the Problem of Revolution
-"~—«;;: -~-vThewprob1em is -considerably compliéated for two reasons; which are due-to:

i -~ representation of the emittér share on the network by a series of

discrete points, which makes it impossible to impose the condition

-%2.- O on the entire electrodé;
v n i . '
- presence of a focusing electrode which must discharge while remain-

i "~ ing at the same potential as the'emitting electrode.
Experimentally, it is sufficient to adjust the intensity I, applied to the:

" focusing electrode across a variable re§istance,ﬂz in such a manner as to equal-
i |
" \ize the potentials of this electrode and of the emitter (Fig.15).

'T:" If, at each point of the ion source, we are to have gi 0 it will follow

that the total 1nten31ty r-——-ds must also be zero. In the case of prime 1ntep-

e 3l

o est here, the shape of the emitting eleTtrode (spherical segment) does not per—

”; mit - in the adopted experlmental process - to impose the condltlon-%%- 0at |
¢ !

p -
l

5 ‘
_ each of the polnts which schematlze thlé _shape at the network.“ _In this manner, /38

T 36
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"we will have (Fig.16) at ‘points such as A and B, the follow1ng.

i

~

S Elﬁi = 0. at A ;

“‘ or |
0P

- _:0

- (¥ . atB

. ;
o : i

> _in view of the fact that the intensities, circulating in the electric resist-

~> ances which link these points A and B tq the node M, are zero.

' ‘ i

3"; When the ad justment of the 1nten51ty I is terminated, the emitting elec-

trode discharges no current, while remalnlng at the sare potentlal as the focus—

| i
Zf.11ng electrode. Although not satlsfylng the condition &2 e = 0 at each point of .

: dn
~4_4the boundary from which the ions emerge; it is obvious that the experimental

e l E

aijprocess obeys the condition of zero discharge on this electrode which, finally,

Ny

27 must satisfy - in an approx1mate but sufflclent manner - the limit conditions. ;
] b |
27 'of the physical problem. .

S

e
t




CHAPTER III

o ANALOG REALIZATION
-./3.1 Electrical Network
;;f The network is composed of several insulating panels, manufactured at

_,;lthe ONERA Center. These panels are composed of 20 nodes and are readily in-

. terconnectable. The arrangenent selected for the nodes forms a regular grid

—

.~ on the panels, which permits to obtain a network with rectangular, equal or

P

- unequal meshes. . i

s

]

T
1

-~ ...-——- Bach-node is-presented-in the form of -a-brass socket, -located .at-the— .- ..

i
—_——

~—. rear face of the network and permitting the introduction of a banana plug to

!

__Etap the voltage or to apply current.
Between two successive nodes thefe is an electric resistance, installed
.- into the pin of a current plug (Fig. 1%).

’ Each wall plug, of standard distance of 19 mm, thus permits a two-to-twog
—-: connection of the nodes on the ﬁanel. iThe realization of a given conductance |
i value is obtained simply by branching several resistances to each other which
- . connects them in parallel (Fig. 17). | |

A front vieﬁ of the electrical nétwork which bennits treatment of

Poisson's equatioﬁ, for the three—dime&sional case of axial symetry, is given

.. in Fig. 18. i

~
s
!-.‘.‘

e e




'3.2 Cutting of the Domain

The cutting step, i.e., the lengths of one mesh, is generally a function
_‘of a certain number of parameters genexfa.lly known at the beginning of the

_tests: high potentiai gradient in a given zone, shapes difficult to represent,

X _ specific points where measurements-are to be made. ' i

0

; Within the framework of ionic probulsion, the local charge density p as— . pell
: i

_q' sumes very high values near the emlttlng bounda.ry (see Fig. 19) :

Consequently, the meshing must be sufficiently. fine so that such values
i
:are effectively represented in the form of electric currents injected into the

]

’ 4
|\~-'

My
'rJl

network. Consequently, it is de31rable to tighten the meshing in the portion

__‘of the field under consideration. Flgure 18a gives a front view of the elec-

r_\

“ 1

R _,,- : trical network after-modification of the meshing in the vicinlty—of—the emit~— -

’_' ting boundary. . | , ‘
ey :
Let us consider a cross extracted: from the domain under study (D) of the:
' potential function § (Fig. 20).

| The identity of eqs. (7!) and (11,:) requires that

L ' Ao 1) |
T €, Az,-C3NAz5 =0 (51) |
- ' !
- | 2 2 2 c . i |
,,.A,.c.:_(_.>__c:,Az,+c3Az3J _Art(c,+c,) L&, -
R 2 4/= 2 T 2 T ke (52)
Lo : -
.*_x ’
SR | |
_.{ The solution of such a system leads to the following formulas:
.—j : C' =" E_O_A_r r
SLE ‘ Az,
. i




cz : C (AZ, + Azs) r+ ar
J 2Ar "2
. - Cp Ar !
e C — 0 '
' 3 , Azs r _ (53)
c, = Co(8z +Az3)< Ar\ | :
N .ZZSF

- where r denotes the distance of the node O to the axis of the propulsor and

~ C, is a constant equal to 3

Az ! .
These formulas can also be obtained by the method developed by Karplus p.L2

"~ (Bibl. 13) in which the electric resistance, in a given direction, of one vol-
' ume element cut within one noteh is caiculated. Figure 21 shows the cutting

- |
--_ . used near the emitting electrode. Iet C, C?', and C" be the conductances end-

. | .
. ing at a node M located outside of the demeshed domain. It then is found that

division by a number n of the length Az of all meshes oriented toward the

2," z axes, while conserving a constant step Ar in the direction of the r axes,

results in a modification of the reslstance values. Thus, those that are lo-

.7 cated along the axis of z are divided by n and the others, located in a per-

pendicular direction, are multiplied by the same numbers except at the bound-

S ary of. two distinct cutting domains. j ‘ : ,
The electric intensity applied to the network at a node such as 0
i ~

—

- . (Fig. 20) satisfies egs. (52).

e 2 2
-—iFrom this it follows that i'o = ki C 827 +C3 Az, (54)
o z . ((34)

‘- 3.3 Electric Feed of the Network :
e |
1

S A _‘Various means . exist for providing the electric feed of the networks: ___ '

l
|
{
I
, ;
i !

wmz,ou_ | | P
i
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R - Feedlng with direct current sﬁpplléd by elther a set of storage
batteries or by any rec_tlfler system.

- Sinusoidal current feed of 800 - 1000 cycles, supplied by a
low-frequency generator combined with a power amplifier (Bibl. 14);

'~ Alternating current feed of 50 cycles, supplied by the circuit and p.h3
stepped up to the desired voltége across a transformer.

N The measurements are made by means of a null method, with a cathode-ray
~-.. oscillograph arranged in Lissajous figures serving as a null indicator when
3-7:...'the network is fed with alternating curfent. This method, which in most cases |
“: satisfies analog experiments made in th;e laboratory on problem-s derived from
o - equations of Laplace of heat .or of wave_;s, becomes experimentally impocsibie

~: ‘within the framework of the present stu'dy In fact, the assembly comprises

la.rge resistances used for apphcatlon of the current J.o representing the

L space cha.rge at each node. These large re31sta.nces are not rigorously pure;

..v- effects of inductance and capacitance J.ntroduce cons:.derable dephasings (of the

order of 6 i.e., ten times more than the maximums derived in the electric-

Si cell) which render accurate measurement of the potentials practically impos-

1 isible.

e

-l Consequently, we preferred to use direct current. To avoid long and

LT 1 i .
- «..complex measurements when using galva.nometers (which are, of course, extremely
e a

sensitive but whose fragllity and slowness in stabilizing are in no proportion _»

nth the importance of the experiments made), a digital millivoltmeter, con- |

\rll
:

4 1nected as a quotient meter, is used. The instrument selected, a ™digital

|
¢ Mvoltmeter" V=34 A made by Nonlinear Sys'cems makes it possible to obtain volt-

f~—1 age data to 1/10,000, eit.her automatlcally or manually, with the maximum time

£l rrequired for one measurement bemg of the order of two seconds (Fig. 22)

- e —— - . ’-———— - ——— -—1
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3.4 Application of Current: Method of High Resistances

,:4 The classical method known as the method of "High Resistances"

- (Bibl. 15) consists in feeding each node (of the network) located in the do-

-"main traversed by the ion beam, across a resistance of high magnitude, con- CpJik

nected to one of the terminals of the current generator (by convention, ¥ 100

0-'of the analog potentials).
- The high resistances are installed in the drawers (Fig. 23) which each

S contaln L x 11 commutators graduated in conductance, i.e., proportlonal to the

l

_——~desired current intensities. The avallable scale ranges from lOO KQ to 1CMa.

l
This scale can be further extended by connecting standardlzed conductances in

parallel. i !

i:W;'““— At -each node; the value of the current intensity- i ~is furnished- by~the~;

!

—- expression

. i,= kec 4z a
et | & | (55):

.;~; To thls value of 1 corresponds .a conductance C,, read from the commu-

y.——'tator, so that : i

| o | (56)!

The real intensity which flows across the high resistance and penetrates |

e e e e e e e s mm e e ma e e . ———— -+ — 2 e e m P T T e e e e e —— —— e e e e b
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into the network actual]y is ‘
- |
,. ' {
. 100_ & '
- L — -— !
r R~ (r00- 2) c, (57)
: i

.. where §° denotes the potential of the node under consideration. ;
: |

Consequently, the error made in iabe]ing the intensities is §o% Tak:mg

the values of the resistances used within the framework of the present study
l !

-l into consideration, the analog potentlals reach very high values (8 to 10 in

[ the case of the first method described . 1n Section 4.1.3.1 and even LO if the

< ....‘5 "saturation™ is treated directly at the network). Therefore, the real current:

=y

< _. intenslty, entering the network, must be corrected. This operation is done

!

:— as follows:

H
+

-"3_2.{. ~ A first approximation consists 1n adopting a conductance equal to Co, at |

?\)
P

2L a node O of the network. This furnishes a potential ¢ o* After this, it is
|

- sufficient to replace Co by a conductance C, so that

— i

t

-~

-t

:!i_i C, - 100 C, (58)
- 100_ &,

57! :

S

-~ ir order to obtain a new value 3, of the potential.

—‘ The current int.ens1ty fed to the network will then become

| Ny

CET
] oL loo_ @,

L L. =1L '
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|
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3

Tl In order that the real mtenslty, enterlng ‘the network "becomes ':1, it is ]

necessary to continue the corrections up to the n®P approximation, in such a

P manner that the fields ¢,-; and &, are the same.

Experiments made for the readily computable case of a plane diode have

~'shown that a single correction of the la.rge resistances is entirely sufflclent

lf‘"' to obtain satisfactory results. v

u » . Figure 2, shows the electric assembly corresponding to one of the methods

j_ described in Section L4.1.3. A stabilized power source furnishes the direct

3; reference voltage .Vr comprised in the .:!i.nterval of 0-30 v. Since all measure- |

: ,“{ments of the voltage are positive, onlyl the index + is of interest here. The
V-Blp voltmeter, connected as a quotient xineter, therefore permits a recording of |

i1‘.he experimental results on an analog scale of O - 100, The electric intensi- |

l
ties io, representn.ng the space cha.rge, are apphed to the network across high

2/ T resistances connected between the reference + 100 and the node under consider- '
i

<t .’ ation.

!

,_3_._3 Figure 25 gives an overall view o:t' the experimental assembly, permitting

~

s

< .8 representation of the Poisson equation at the electrical network.

[y
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. A CHAPTER IV

APPLICATION TO THE THREE-DIMENSIONAL PROBLEM OF AXTAL SYMMETRY

i In order to check on the rapiditj of convergence of the iteration proc-

. ess and in order to evaluate .the accuracy of the calculation method, it is
i

- _ useful to discuss first the problem offa plane diode.

B C |
zmih.l - Verification of the Method on the Theoretical Case of a Plane Diode

::_j L.1.1 - Theoretical Investigation

found that a certain portion of Mfree electrons" has a tendency to leave the

\,_{solid. In the absence of-external-actlpn, this leads to the formation of an
1-::electric field known as Mspace charge®™ nhich opposes the departure of new
:im;electrons and thus leads to eqpillbrlum.

.’f ! If the emitted electrons are entralned by means of an applied electric
i;‘ifield the phenomenon continues and leahs to a dynamic equilibrium character-
i?i ized by a certain electron flux (current density). This density increases

..;

;-:wlth the applied field; however, it cannot exceed the value corresponding to

:_4the "saturation current”™ j;, which corresponds, in turn, to the themmionic

[

';*;emission at the temperature under consigeration. - The value of J, is given by

o

'ﬁ-{the Dushman formula: '

oT

(YA . ) . -
‘fj » | g = AT? ex,o _l"_ . (60)

T

._f ------ When-considering-a metal- placed 1n a void at a temperature-T, it is—— -

U OV |

T o i;_“_j;sf;:i - T3

b,
i

H
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> ‘where k! represents the Boltzmann constant. . o .

The application of an accelerating electric field to the surface of a

" s0lid has the tendency to increase the:electric emission there, in accordance

with two distinct processes: Schottky effect and cold emission (Bibl. 16)..
These two effects are not represented at the electrical network.
Let us assume a plane diode whose two electrodes, spaced at a distance

! of d (Fig. 26), are brought, respectively, to the potentials V, and O.
fi:f Solution of the Poisson equation jgzv = - —23 yields the classical
" result (eq. 61): ;

|

i

_ z)% S |
“\d _ (61)

|

2 1_

<<

o _if ‘the density of the ionic current takes the foliowang value of saturation

(eq- 62):

(62)

‘;fh.l.Z - Solution of Poisson's Equation at the Electrical Network

Figure 27 gives a schematic view of the characteristics of one node O.
;_;We have !

— v - C, (qbr -4"0)"' Cs (éaquo) +i=0
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o - |
- 29\ (¢ Az 1 2’3\, 2 2 |
R == z, -C, Az \+_L ;
; 3z>o<l 1= %3 3) 2 azzz(C,Az', G Az)) 4L, =0
* In the case of a regular meshing, we have
‘_.. ’ AZ' = AZ3 = Az N C, = 63 = CZ' 4 E
T . i 100 . |
-t Using ¢ = kV in such a manner that k = v, » the expression for the cur-
- | s 5
.rent intensity i, applied to the network, at the node under consideration, |
_—will still be _ ‘ |
’_‘"."f: l: - kP ‘ 2 g
L == ¢ Az (55)
,:‘-{ 60 ~ !
- | l 1
= The velocity of one ion is expressed by *
27 ) o S T T :
2 | U=\/28 (v,-V) (63)
- m
e
2 : |
" T«g(in the case in which the positive particles are emitted without initial ve-
23 ; ‘ ; i
,_,;-zlocity), while the space charge is expressed by ;
'.-_vz . ' ki
= | | 0 Jo (64)
:‘,"—‘_ . = _‘j—
L |
. 7~'Where V, denotes the accelerating potential, always assuming that
L!rr’i—..i (ho)l
— ' 2e
L7 oL=\[Z2 Vg
- ' m
531
/-Ai f
e e — —
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1 f The intensity iy is transformed in accordance with

L l:o - k c, AzZ° Jo |
" X \[1- £
: 9 100

9. The analog potential must prove the equation
U
0o q

o e _azyE (&)
s )
T
17~ if the density of the current j assumes the value at saturation j,, which then
8 i

v yields, as the intensity:

400 ., AZ? 1 -

g * a V-2 | ()
) : 100

o
1y

o :
0. .emitting cathode, in order to increase the accuracy. Thereafter, in the ex-

O

32 ?pression (65) for the intensity ig it is sufficient to replace the product

‘that it is useful to open the meshes of the network in the vicinity of the

3G, AZ by

>

Czy AZZ + Cz5Az3
2

Sﬁwésurrounding the central node O. The network which actually is limited to one I
3T

53. .1ine, is divided into twenty-five meshes, where the nodes are designated, re-

90 - :

.. ispectively, by the following values of z/d: O; 0.005; 0.010; ... 0.025; 0.0375;
(R

42_.10.053 0.10; «ee 0.95 and 1. The electric resistances used are also selected

, where the subscripts 1 and 3 designate the nodes

41 jequal to 50 Q; 125 Q; and 500 Q.

a():

49 E
50 _. ' i
ST |

| o

25 : : -

26 ! . . Practical tests made on the problem of a plane diode have demonstrated = .
i

p.51



7. k1.3 - Solution Methods - : !

Slnce it is desired to obtain the conflguratlon of the potential corre-

e spondlng to the law of Child (eg. 66), it is necessary, in the solution by
" successive approximations, to supply the network with electric intensities

; |

—- corresponding to the saturation density Js and specifically to the cancelation

7-f'of the gradient —g%— on the emitting surface. é

e The Poissonian field &, satisfie§ the equation

L L o 200

L Beeky, @k

T whereas the Iaplacian field %, obeys the classical equation: . A%y =0
‘ ! . . .

— !

2,__“; ) : i
277 let us assume that _ o (69)
0= F-4 |
“ &
- § i
/:: The analog potential o , defined in this manner, also satisfies the ;
Y . . i
! Poisson equation §
- - . . . N ’i
37 A p-— kp/, |
. . : P e € ' (70)
- |
.;E:? ~ An investigatiop of the function'¢ has the advantage of increasing the

,QLJ accuracy in the Poissonian field. The limit conditions are reduced to an ap-
;7" plication of zero potential to the two electrodes (in the case in which the

4 ' o | ]
L? ! initial velocity of the particles is zero). In each approximation, the cur-

i

]

1., rent intensities applied across high res1stances (these latter are subjected

i._'_‘__'__.,,“__ . S .

t

'

|

P52
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L !
|

RS S

K 'to ‘the correction introduced in Sec’c..on 3 L) obey the law (7). The curves

giving the evolution of the potential é in each approximation (Charts IV, and
IV, . ) represent the numerical results of Table IV.
Consequently, the method yields an excellent convergence since the mean |
deviatlon, with respect to the theoretical solution, 1s ~0.28% at the fourth

. approximation, this mean deviation being defined by

T : ¢,zs
— &9 (72)

T~y (:1

Q
||
N

i

. ;.éwhere $;. and %7y denote, respectively, the experimental and theoretical values
|

=2 of the Poissonian potentlal at the node i.

~

.~‘.‘-,,; Unfortunately, this method is not applicable to the case of the problem
i

know the value of the saturation current density j,. Since this latter is an

tmlmown of the problem, it becomes necessary to find an experlmenta.L process
. ' _iwhich will, in a satisfactory manner, impose the conditions _dF = 0 on the

s cemitter, test this process on the theoretical case of a plane diode in order

—

_;ito define its practical interest, and eva.luate its accuracy.

T ha1.3.1 - Pirst Method

i |
This method is based on solution Pf the equation:
et {

ceeT . 1




|

]
H

S U VN

where the appl:Led current “intensities obey ‘the law (65) P) which latter is sub~
- " jected to the above-mentioned modification at the boundary of two different

.'_-meshes.

'

In view of the fact that the parameter j, is assumed as being variable,
:the determination of the saturation value Js of the emission density is done
"experimentally. The principle of the méthod, based on measuring the intensity

\:f_v'discharged by the emitting electrode, i;s>as follows:

Assume that, to the Laplacian field, there corresponds an intensity i,

! positive by convention, with the analoé currents directed toward increasing z
- for the case of ionic propulsion.

| Assune that, to the field o = % §- $,. there corresponds a negative in-
rj:.:t.ensity jrp which is sufficiently well %measured by a null method. From this,

the analog intensity :’Lp is read:Lly derlved.

Smce the cycle of approx:.matlons proceeds at a given jo » it is suffi-

< cient to calculate the ratio ip/i, in % for each of the approximations and to
f ‘ plot the curve which gives the evolut.io:n of this ratio (see Ché.rts v, IV,
3 :IV;). To each value of the emission dénsity there corresponds a convergence
/_ (denoted by its mean deviation e%) after the fourth approximation. The plot-
ting of the various results .in the form of the curve (ips /1,, ~ ipg /11,) % as a
. functlon of €4 % (Fig. 28), calculated to the fourth approximation, yields the
-" . deviation with respect to the theoretic'al solution, corresponding to a given
gradient of the ratio ip/il,% (gradient ;cietemined after the two last approx-
iimations). Tables V shows the fesult.s lreferring to a series of experiments
! "'AFma.de at J, constant. Consequently, the! curve plotted in Fig. 28 can be used
ias a test for the case of the three-dimenslonal problem of axial symmetry, by

—{ taking notlce of the fact that a gradlent (1,;,3 /11, - dp, /11,) , varyn.ng between

—— | R S

;......._, . » NN ) . . — _._',j.. ,

|

i



" 1.95% and 7.80%, corresponds to a convergence located between -1% and +1% of

~

.A:the ideal convergence.

This method, when applied to the:theoretical case of the plane diode,
thus permits establishing the experimental value of j leading to perfect con-
vergence. The obtained value, J, = 48.20 amp/m’, consequently differs by 1.7%
from the theoretical value of J, = 47.38 amp/m’, obtained from the tube char-

acteristics. These are:

- -2
= 8,8537¢ 10 F/m
-l

o m ’

= 20°VvV

= 120406 10° mfs

LA =<AaAM™
"

)
1
1

- in ﬁhié; case-théﬂéiécfrié'ﬁaificiés seiected are cesium ions whose charge and

" mass are

' largely to the mode,

H
e = 1602 107" ¢
-25
= 2,21 107 g

This deviation of 1.7% from the value of the emission density, due

‘of application
Dg} currents simulating the space charge (because, in prac-

- . tical use, only a single correction has been made on the high resistances; see

ff Section 3.&), nevertheless produces only a minimal error (- 0;28%)‘for the po-
. |

‘ Etential_distribution obtained after coﬁvergence of the iterative process.

|



% h.1.3.2 - Second Method

This second method is based on a direct solution of the following equa~-

o tion

o | A _

- . ‘ ‘ . ) | 4 6
, In Section 2.2.2.1, we showed tha.t, to impose the conditions g—n = 0 on
- '." ’ i d@

~'-. the emitter (which is transformed into. i 0), it is sufficient to allow the

'node O, which is an image of the ion source, to assume a potential which is

L perfect]y defined from the characterlstlcs of the network and from the inten-

- :sities applied to each of the other nodes. After terminating the experiment,

“-~ the numerical results must be translated to the scale O - 100.

T

oo Since, however, the node 1, being the closest to the emitter, is at the

" —-- same potential as the emitter, it becomes impossible to calculate the inten~

- ity simulating the space charge at this node, because of the fact that - ac-

~.cording to eq. (65) - its value is infinite. To reduce this inconvenience

somewhat it seems logical to correct the potential at this node 1 by "smooth-
ing" the curve which gives the electrlc potential distribution in the v:Lc:Ln:Lty

; of the ion source. The smoothing adopted consists either in application of a

"~ parabolic interpolation method, based on the known numerical results on the

~nodes 0, 2, and 3 whenever possible (most frequent case) or based on applica~

’“’tion of a graphical method. Solution of eq. (68) by such a process, tested

for various values of the current. dens:Lt.y j,, ’ has pmved hlghly satlsfactory. } _7

o T e

!



‘The advantage of this s?e’c&i&”éﬁa;iog' method resides primarily in the se-

lec'cion of the parameter j,; no matter what the value of this parameter,. "sat-

‘uration” is obtamed at the electrical network by imposing the condition

- 48

- dn " O. Consequently, a value of j,, dlfferent from that at saturation, can

 be adopted, yielding an excellent agreement with the (66) after the fourth

S approximation.

. However, in order to reduce the analog potentials and thus also to re-

- .. duce the extent of possible corrections made on the large resistances in the

S simula.tion of space charge by electric currents, it is of interest to keep the

value Jo smaller than j,. For example (Charts IVg and IVs, and Table VI),. the

- convergence obtained at an emission dens:L..y equal to 10 amp/m is excellent:

theoretlca.l law (¢6).

L.1.3.3 - Third Method

~.  with

~ Consequently,

DL one-dimensional problem, by reasoning on eq. (70):

*O 16% mean deviation between the exnerﬁmental potential distribution and the

- The saturation also can be rigorously obtained in the case of the

A¢=_kgﬁg

(70)

| ¢ = $— & (69)
dp _d# _ I8 |
dan “dn dn
' (72)
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l The experlmental solutlon of the Laplace equatlon leads to an 1nten51ty

5
i; (discharge of the emitting electrode) which is positive by convention (see

& Section_h.l.B.l).

;f; Consequently, R AY-{) d$,

__z £ dn ) dz

- Thereafter, it is sufficient to adgust the value of the parameter Jo at

_each approximation, in such a manner that the electric intensities applied to

-‘».

i._.the network and satisfying eq. (65), lead to a discharge of the emitting elec-

trode in such a manner that

i - e W (73)
S dn
r::? Then, in accordance with eq. (72), we have /51
< !
277 b
: : - iP = ﬁ& = 0 .

ik an ?
25 | ’

t .

i.; Probably, this third method is best. In fact, the method permits a de~

e terminatlon of the potential dlstrlbutlon satisfying Child's law (66) and the

value of the ion emission density at saturatlon. _ 5

]
1

i;_i In each approximation, the first step is to ottain approximately the sat- ?

— uration in such a manner that the corrections made on the large resistances,

[ N - ' - - . 3 '3
Lﬁ»jused for application of the electric currents, will yield a verification

i

f1~fof the condition ; : T




i
A
.

~

el
Z 'Section L.1.3.1).

Ll The we;q.;rerimen'c,a.l solution of t.h'ehlr;aﬁlace qeéuétion leads t

o0 an intensity

_'4, (discharge of the emitting electrode) which is positive by convention (see

"7 Consequently, =99 _ d3
. L
- dn dz
..b - !
— Thereafter, it is sufficient to adjust the value of the parameter j, at

LA

.-—.trode in such a manner that

each approximation, in such a manner that the electric intensities applied to

- o B _ 4, (73)
- dn
—i t
,: Then, in accordance with eq. (72), we have l
A7 b E
B i
237 {, = 9% o
i dn
PR
S ; 5
2 - | |
L Probably, this third method is, best. In fact, the method permits a de-

'+ termination of the potential distribution satisfying Child's law (66) and the

"r'i;-;valuev of the ion emission density at saf.uration.

1

'

L fof the condition !

P 85—

C et e - 8 ———— e 4 e -

|
|

L d In each approximation, the first s;l:ep is to ottain approximately the sat- .
o |
s fnration in such a manner that the corrections made on the large resistances,

P : ‘ .
L'—~jused for application of the electric currents, will yield a verification

'

::.' the network and satisfying eq. (65) » lead to a discharge of the emitting elec-

—— et 4

1~



This method, tested on the problem of a plane dlode, made it possible to:

o define the value of the emission density Js (47.38 amp/m®) and to obtain a

: voltage distribution which closely approaches the law (66), the mean deviation

— being equal to -0.10%.

S Table VII whows the evolution of the quantities j, and e%. It seems
"~ that, after the second approximation, the function ¢ ‘satisfies in an accept-

“fable'manner (e% = -1.32) eq. (66).

< !
-l{ The experimental results shown 1n Table VIII and Charts IV and IVs,,

- prove that convergence is rapldly obtalned w1th the parameter j, and the the-

“.. oretical law (66) belng excellently verified.

b}

— 4.2 ~ Application of the Various Methods to the Revolution Problem

s In this study, the electric particles are assumed to have no initial ve-

5?—{locity. The fact that the emitter has a spherical shape, permits giving a

--‘satlsfactory orientation to the ion tragectorles by having them converge toward

o -the axis of the propulsor in the case in which the space charge is neglected.

!
e The conflguratlon of the two other eTectrodes, reproduced in Fig. 29, is suffi-

”;-7 The electrical resistances of the network, measured to within 0.5%, have

s | :
' -values ranging between 30 ohm and 300 KQ. The method of true values, combined j

':~~u1th that of hollow cylinders (see Appendlx I), is applied to the vicinity of

r 1

= the propulsor axis. Conversely, beyond the llmltlng radius r;, the

i

~—cient1y close to that given in the llterature (Bivl. 4). }



i i

R flnlte—dlfference ‘method is entlrely sufflclent (Table I).
: ‘ The geometric characteristics of the ion gun (Fig. 29) are readily ob-

tained at the network, taking the adopted cutting into conslderatlon'

25 A'l" = lo-z

The other data (mass and charge of the ions, absolute permittivity in

' .vacuo, accelerating potential) are identical to those given in Section 4.1.3.
Fo

!
!

__ke2.1 - Laplace's Field

S The 1imit conditions of the Dirichlet type are as follows for the three

«::.electrodes. | l
2:_ !
L !
27 T b, = Pg = 100
2 ‘ﬁa,== (4]

|
As soon as the Laplacian field &, (Field I) is obtained, solution of

i
A% = 0 is immediate. Figure 30 gives the distribution of equipotentials in a

i i

leads to the network of trajectories shown in Fig. 31, after a parabolic extra—

»
I
|
|
i

. ——meridian semi-plane. The exploitation Of this field by the computation center'

polation (see Section 2.2.1) made with extreme care so that the partial deriv- ;

~ |
,__latives 'g% and'%g-are contlnuous in the vicinity of the three electrodes (and,

Ceo

specifigally, near the emitter). Theseftrajectories converge quite strongly

itoward the axis of the propulsor. i

I 1\'.)' ;)f

Some of these even intersect near«the exit from the gun. The calculation

o i | _____~_’ZJ

i
|
i
|
|



}
e

e e ——

of the space charge, in accordance mth the method descrlbed in the flrst

i
j "

< Chapter, obviously is no longer valid after intersection of the trajectories.

|

" 14,.2.2 - Poisson's Field

Equation (41) of the dimensionless quantity ap;/j, becomes

| 100(1+r7) |
_ 2”h, \ T700_3; (tay

- B (rs =17):

§
|
!

The number of trajectories used fbr calculating the space charge, in the

entire domain occupled by the ions, is iequal to twenty for a meridian-plane.

The values of the parameter he (Flg. 6) are reproduced in Table IX for each

a7 trajectory.

‘.,

- —-‘imeasuring the current density discharged by the emitting electrode.

i
T

L9

7. é

'
i
-
]
|

R

—

1

lp 2.2.1 - First Method

The limit conditions satisfy the equality ©® =0r =, =0 since the de-

rived equation has the following form:

-—k?/éo ©(70)  with k- ’;0 | .
s |

|

The wiring diagram in Fig. 32 gives the principle of the method, based on

Two stabilized feeder lines, connlected in series, furnish the reference

voltages of +100 and -100. The center pomt of the Wheatstone bridge is con-
|

|
W—lnected to one of the terminals of the commutator J. The variable resistance ,R'

——— e e —— a2

e e g e e -

N | ' ___58 i . . |



whlch permlts meas'urlng the mtensfcy 1@ penetrating ‘into the emlttlng elec—
,trode, is connected between this latter and the analog reference -100. A der-
- i ivation makes it possible to approach tte second terminal of the commutator J.
- :The current intensities i,, simulating the space chai-ge, are applied by the
- method of high résistances, with the focalizing and accelerating electrodes
j-: being cha;-ged to the potentials vy =9, . = O. The operation is done in the fol—

* lowing manner: The galvanometer G is connected between ground and commutator, :
i

> - 'with the latter being placed in position (1); the power feed control is recti-

1. fied in such a manner that the pointer of the galvanometer no longer deviates,

- "which permits application of the potentia.l O at the center point of the Wheat-
" 'stone bridge; the commutator is placed 1n position (2) and provides the junc-

.

¢

‘25- tlon between the output terminal of the galvanometer and the emitting electrode.

;‘, It then is sufficient to trigger the reslstance ,K' in such a fashion as to apply

, 2- the potentia.l 0 to this electrode, which results in zero current in the ga.lva-

% nometer.

|
’:.‘_ . A repetition of the a.bove—described ma.nlpulatlon permits a verification

" of the control and a check on the satlsfa.ctory value of the resistance }?"

s f In addition, it should be mentioned that the quotient meter V 3!; A, used A

\}I

-for obtaining the potential readings, is highly suitable for replacing the

- ——

PR above-mentioned Wheatstone bridge and galvanometer (Fig. 33). The measure-

ments show perfect agreement between the intensities obta.lned by means of the

' ‘_gtwo processes. l
The results of each approximation are given in Table X. The Chart IV,

1

- ' !
;8hows the evolution of the ratio ip/i1 ¥ for an emission density equal to 15
i amp/m°. The corresponding gradient (ips [ir-~ips/iL)% yields a convergence at

*__}*0.2.1% of the distribution at saturatioi'l, in accordance with the curve in

|
- 59




i
i

'.rfig. 28”§hich is‘takéﬁmas ;;fe;éh;édﬁéihﬁ: The cycle of approx1matloné;mfe:‘ '

.. peated for several values of j,, made it possible to emphasize the lower and

- . upper limits of this parameter that are able to yield a satisfactory conver-

.gence. The interval of 14 amp/m® to 17 amp/m® which is much shorter than in

the one-dimensional case, obviously is a function of the resistances of the
.i'network. However, it is understood that the numerical values given to the
i,vemission density J, depend on the geometric and electric characteristics of
the gun. If, for technical reasons (maximum electric field no£ to be exceeded,
a!‘different nature éf the ions), the values of the aceelerating potential V, or
. of the mass of electric corpuscles have undergoneia change, it would be suffi-

- cient to multiply the value of j, by a readily determinabtle coefficient, in

~-- such a manner as to ottain, at the network the same configuration of the

<= Poissonlan field. Flgures 3h and 35, respectlvely, glve the disvrlbutlon of

‘_ the equipotential lines and trajectories, corresponding to the fourth approxi-

l—~~matlon, for a density j, equal to 15 amp/m « A comparison of these trajecto-

. ries with those in Fig..31 readily demonstrates the effect of the space charge

e mentioned (see Section l.1). The beam, ottained on the basis of the focalizing

-~ land accelerating electrode dimensions in Fig. 29, consequently has the desired

- --qualities (see Introduction).

- i

h.2.2.2v— Second Method

The working procedure described in Section 2.2.2.2 involves a dlfflculty

'

‘which had already been encountered in the case of the plane diode. However,

:?"~instead of a mesh (the first) traversed bty a zero current (the emitting elec~

' “"'trode does not discharge), it is now a questlon of several successive nodes

o

{uhich have the same potentlal. Everythlng proceeds as tkough the surface of

23



S S —

Ithe emitter had undefgone a "translatlon" “toward 1ncrea51ng z. The extent of

;thls Mtranslation” varies in the same sense as the cutting step, in the vicin-
' !

+ ity of the electrode. The decrease in the length of the meshes, in this por-

fiftion of the field, thus has a favorable effect despite the fact that it re-

_.sults in an increase in the number of nodes charged to the same potential.
In practical application, the fiéld in the domain under considerauion,
l; is modified in accordance with a parabollc extrapolation method descrlbed

LI above (see Section 2.2. 1). Thls transfonmatlon, which is  rather difficult to

’,1;

;,,reallze because of the number of nodes involved, requires special care in or-

!
der to ensure the continuity of the quantltles ] -%g,and gz

~

~:-f The calculations made at constant ion emission density, equal to

'-~ 15 amp/m » Yields a rather satlsfactorﬁ convergence. However, it is quite

>_‘.possib1e that a fifth approx1matlon would be de51rab1e in order to perfect the

¥y

i-convergence of the iterative process.

2yl Charts IV;, IV;, IVio and IV, glve the distribution of the analog poten—

e tial ¢ at the flrst, second, third, and fourth approximations. Figure 36 fur-

~~1nishes a good illustratlon of the modlflcatlons suffered by certain equipoten-

3-Vi~-§1;ial lines during the various approxﬁnétions. : : é
< The Charts IV;; and IV,5 give plqttings of the trajectory beams, with

- i : _
- --irespect to the first and fourth approximation. ' !

.~ le2s2.3 ~ Third Method ) ;

i

__' . . ‘

‘u; A generalization to the problem of revolution of the method described in

 f:ﬂSect1on L.1.3.3 involves a dlfflculty, ;roduced by the representation of the
jljemlttlng boundary. f

ii—i The condltlon of cancellatlon of the electrlc field on the electrode T,

l
Sl B e > R | =

L U, . POy, -

|
i

2y



from ‘which the ions are emlff,ed,_ls written as follows:

" ' / quP 0’5
T r dn

. where s denotes the curvilinear abscissa along the contour T.

In this case, eq. (72) becomes

= : a’ a' B
- a’n r dn e
’-1 In practical work, the discharge of the emlttlng electrode is. measured

durlng solution of the equation %, = O at the electric network. Let us de-

- ?‘~
'

_.f Then, the value of the parameter J is so adJusted that the discharge lcp

of the emitter satisfies the condltlon

g ]

::_‘ z_«p =-1¢ . (73);
32 ,
i ...._J ! ) H
" .. when deriving eq. (70): ) , !
+ :' 1 i : E
. . - A¢-_ ke !
-ffe, . (70)
E | i
! :From this it follows that }
R !
‘::Y ; ZP =0
‘ :}“‘. 1]
T T “ T e T T
o - 2 o ——

S note this discharge by i_. : ‘

a7

[GAN



| At et

1 i

207 Thus, eq. (72)! is satisfied in an approximate but sufficient manner.
- |

5. The discharges measured at the electrical network are given in Table XI.

Lt Since the saturation results in a rather severe limit condition, the par-

L 9% 0% ' s cos feps
o tial derivatives 3pr and 3 are weak in the vicinity of the emitting electrode.

To obtain continuous quantities &, gé, and gz in this domain, a parabolic ex—

11_,trapolation is made from the values obtained at the electrical network.
On Charts IV;s and IV;4 are plouted the trajectory networks relative to

the second and third approximations.

.._J , .
o Charts IVg, IV, IVs, and I give the potential distribution o, cre-

i

i

‘7 yated by the space charge, over various:approximations.
) ‘

Lo Figures 37 and 38 contain the equipotential curves & and the trajectories

Z- ;corresponding to the fourth approximatfon. The ion emission density, obtalned

o . !
o iby this iterative process (J, = 15.25 amp/m®) is close to that obtained by the

;f_ method No. 1. It is quite p0551ble élso, that in this c case, a supplementary

27 approximation would have yielded a further perfection of the convergence.

Figures 39 and 4O emphasize the ;nfluence of the space charge on the dis-

”7:§tribution of équipotential lines and on the shape of the trajectories. The

PR

f?:..wo effects of the space charge, show1ng in an increase of the aperture angle

537 "of the beam (Fig. LO) and the creation of an axial electric field E', opposed

fl_;to the accelerating field (Fig. 39) are clearly visible. :

!
S The values of the potential %, satisfying Poisson's equation and corre-

' sponding to the fourth approximation, are given in a Table (Field II).

N\
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" ESTIMATION OF ERRORS

3~< The analogies are divided into two large categories: functional analogies

-,_Jand topological analogies. Certain typfs of errors are common to all: nota-

ni_;tion, reading, auxiliary calculations. | The topological analogies, with which
' i

.7 _the present study is concerned, may also lead to certain errors of representa-.

Py

.. 'tion of the domain: material limitation}for the case that this domain is theo-

?E:jretically infinite; cutting errors which concern the entire useful space in the
| i

22 :case of networks and uniquely the limit' conditions in the case of rheocelectric

<i,a nalooies. Let us successively investlgate the various error sources.

!
i 5 1 Errors linked to the Network

~

»(}

32_4 5.1.1 Cutting Errors !

|

b]
e

The Poisson equation

3

Ll

]
|
dem b

(P8}
-

i

{
i

- :
- k t .
Ag.- %o (68)'

I )
..,\l !

__qin which the partial derivatives are replaced by finite differences, will

'..4

L

yield at each node of the network, |

,,"J ' j=a S
4 “_; ° . . . . . = 0
7 P RO S (7)
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) ‘where Min?(‘)' vaénotéﬂs theerrordug to the‘iﬁ—t:f'o-ciﬁction of finite differences and
- ‘expressed in form of a series of terms which are functions of the derivatives

"-_'of ¢, of a more or less elevated order.” Thus, in the case of a regular meshing:

. having a step Az and Ar, eq.(74) will be written as follows:

L 3 VI 4

S ﬁrAr2A<I>O+Lo+_p_Ar2 Arz(ﬁ’;)+lﬂrzr<_‘a_ié_>+_’_13zzr<a_f> ... =0 (75)
6 oro 2 ' 2\ '
‘.:_»3 .‘ since Cr= Pr (16) t and Cz= {3r _A_r"' (17)

- S Az

i
i

_:-_Let us also assume that

T Agyt_te +A’21<334’ +1 Ar’(@‘i>+Az’(L¢> t =0
e prort 6 r\Or3) 12| .\ort) ot - - (1)

; o |

o copty [33\ . . %
- =4 _'_'<291>+_’ v __3<i5_)+4 2 (0 |
e s r\er) 1z are) " C 2z* ) Fooe (77)

_ Similarly, in the case of a cutting (Fig.41), in such a manner that

-~

o 2 4 (78)
372 2 !
!
.*""the formul b ‘ |
‘the for as (53) become / - Co Ar r 5
) 1 Az ;
] 3648z (r-l-.éi) i
i 2 4Ar 2
= C, = 2GA8r r (79)
ol Az
— C. -.36C A0z (,- 45) i
“j . ] K _ 44r z ) g
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_Consequently, the error Ry® is expressed in the.formof ____. .  _.____._ _____ . .
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fiﬁa—ﬁon (74) is transformed in accordance with __--‘_--__-___,_,_{
e 3 !
T 8 iy o r‘ArAz A@ +e,+ Cor Ar Az Az<_ _)+£3_._ <_3_§_>} !
o 4 - 8 0z3 r \or3/e) |
- (80)

- . 4 ' l
B +C_o"_‘3LAE{3 Az <3¢’> +A“r’<3%> Fu20 |
o : 16 ¢\t It/ - :

27 A comparison with Poisson's equation (68) yields . :

i :
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In this investigation, the error Eb' always is of the third order. The

i ' | |

o __‘use of very small meshes permits a reductlon of this error to very low propor-;
jamltions. The test, which consists in studylng - in the portion of the network
-__;which has no electrodes - the.potentiai distribution in a cylindrical coaxial
- !capacltor, has made it possible to detect errors of less than O. 1% at each

J:_;node (in which case the method of true resistances replaces the method of fi-

h
[

- .‘
?nite differences in the vicinity of the axis) despite the fact that the resist-
jances of the network are posved at 0. 5%
On solving the system of N equatlons (74) where Ro® = O has been set (N
|

‘being the total number of nodes), by means of a network of conductances, the

7 Isolutions. Qo _appear. _1n the_form of electric voltages. In fact, the accuracy -

T TTeeT ~ T

|
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L £ =a, a*i”ﬁ«-a‘,_ 1 a‘f’+ X3 +a b il toooo o (82)
e " or ror or’ or?
257 | | ?
——— ‘where _ . ___ ——— ——— —_
f—“»_i : ’ a - Ar, _ Ar | |
= - a, = ar; — Ar? (83)
i 24r? |
i' | . b - Ar; + Ar, Ar+AF 5
2o 1= :

’

;,‘on & which is of the order of several thousandths is limited not so much by the

; 3number of necessary nodes or by the accuracy of the resistances used than by

;'fthe difficulties which may occur in application of the limit conditions. Where-

i

‘:vconditions must be satisfied at each point can be represented in a continuous

. as, in an electrolytic tank or on a paper conductor, the contours where these

|
!

fashlon, the reproduction of a boundary at the network can be done only approx—

1mately by means of a finite series of p01nts, which in itself already reduces:

?dithe accuracy. In addition, the Polsson equation (eq.68), expressed in the

z;lwith a certain error Ry* (Fig.42):

-~

— ' 4z, ~ |
7 N, (Bz +4235) r+4r ‘ |
T € =6 "2 Ar ( 2 ) (8s),
G| |

i ¢, =c, & r

&.1 A23 |

1
{
'

7:7xform of finite differences, is satlsfled in the vicinity of an electrode only

; |

3 ' I N 4r » i

and where the conductances ending at the node 0, are expressed as follows.

/'c,=co.‘¥_r
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The error R°, which is of the flrst order, has only a minor influence on |

the distribution of equipotential lines 1n the entire domain. 1In fact, to ver-.

i

:; 1fy this, it is sufficient to treat the problem without space charge in the

T revolution tank (Bibl.15). The tank, hav1ng a plane and sloping bottom, repre~

'sents a sector comprised between two meridian planes of which one corresponds

_”to the bottom of the cell and the other to the free surface. The edge of the
i

liquld dihedron thus forms the image of .the axis of revolution oz.

R

'3 Since the sloping of the bottom isirelatively slight (20%), the electrode

ttmodels are cylindrical and have verticai generatrices; the contour of the right_

Tﬁsection of the cylinder reproduces the form of the meridian contour of the e-

—

———— lectrode_(Fig.AB).ﬁ_Theureadlng of -the. potentlal -made-at-the free—surface-oﬁrnr

Jthe electrolyte (city water) by immersing the probe only slightly, is rapidly

:tbbtained by means of an automatic tracer of equipotential lines (Fig.44), i

‘>t?developed by J.Besson (Bibl.17) and M.Lénglois (Bibl.18). The agreement be- .
o | |

tween the Laplacien fields (one and the other being, respectively, simulated at

the network and in the revolut101 tank is very good in the vicinity of the e-

~s

“wiectrodes.
o

i

’:ij 5.1.2 Errors of Material Limitation
a |
. The presence of walls introduces an error which is extremely difficult to

Tevaluate. An electric cut will lead to!a limitation of the domain and, in ad-

. dition, play the role of a mirror with ﬁespect to the equipotential lines. On

%hls subJect, the revolution tank ylelds valuable data. A careful selection of
A I
&helemenslons of.*heﬂmodels,-waklno tqe dimensions. ofwzheulncllned tankwlnto._J
T : : '68"fii o
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*_{consideration (1.50 m'E”I'50“&);~péimiES”en'énla}geﬁedt"df'tﬁe'déﬁéiﬁ"ﬁﬁaef"' ;
- i
i

o study and, consequently, an experlmenta% definition of the error produced by

the llmatatlon of the electric network.' The considerable distance of the cell

1

" wall with respect to the exit of the ion gun (Fig.4L) almost completely elimi- !

_nates all possible trouble in this zone. The four experiments made (Fig.45)

| !
Ei“:a—b-c-d lead to the following results: : _ |

33?:' a) The configuration studied in the tank ‘exactly simulates the domain de-

PN

sl jwith the two focusing and accelerating electrodes in the domain of interest.

, -
.

gg:jthe real domain is hecessarily limited in the region of the insulator A. This
;Z:fperturbation obviously will only occur if the electric currents, flowing in the

1g:jelectrolytes, are allowed to surround tLe accelerating electrode.

& ;structlve nature, corresponds to no phy?lcal reality in view of the fact that

fined at the network (Fig.45). The agreement between the two Laplacien fields

éis excellent.

'b) Elimination of the insulator B leads to only a minor change in the

»slope of the equipotentlal lines at thelexlt from the gun. This important re—'
..sult makes it possible to define the erfor comnitted by the limitation in thls'

E?glon-___

—— . : l

c) After re-introducing the insulator B, the insulator A is removed
|

"ﬂ(Fig 43 and 44). This operation introduces no noticeable trouble into the g /72

35 fleld. This is most likely due to the parallelism of the equipotential lines

- |
! i ‘
|

j d) Elimination of the two 1nsulators A and B results in a noticeable dis-~

Jturbance of the fleld at the ex1t from the electrostatlc propulsor (see the

i network of curves on the graph of Fig. Ah) This case, which is of a purely in-

!

s —_—

———— ——— - ————t e




i;f 5.1.3 Electric Errors !

This denomination is reserved exclusively to errors produced by the meas- |

i?uring methods used. Thanks to the quot?ent meter V-34 A, with which potential E
,7readings to within 1/10,000 are obtaineé, the error becomes insignificant with
1:_,:respect- to the approximation of the pri;ciple which entrains the systematic use
?t:of iarge resistances and which has been described in Section 3.4.

i i :

i:.'  5.1,4 Errors of Quantification

|

| 1
wﬂ Instead of varying in a continuous, manner, the large resistances are real-
ized in the form of contactors giving about one hundred different values,

"’J

ranging from 1P Q to 107 Q, which leads to the introduction of a quantifica-

— tlonrerrorr~‘- e ——— e - - -
o | :

Values lower than 10° Q are posted by connecting the resistances in paral- /73
Tnjlel. If, conversely, certain nodes mus£ be fed by resistances higher than
.107 ohm, these can be neglected without appreciabln error in measurements in

__ which the entity of the domain, traversed by the ions, is also traversed by
,;_. |
'sufflcient intensities. ’

S All these errors, except for the error of material limitation of the field,

. ! i
Sy i
l

‘are encountered in the investigation of the one—dimensional problem. The con-
Ll .

‘vergence obtained by the method descrlbed in Section 4.1.3 shows a deviation of:

.:ﬂ-O 28% between the experlmental and theoretlcal fields (the large resistances

1 ! ' 3
! “Jbeing corrected in accordance with the process descrlbed in Section 3.4). It
therefore seems permissible to estlmatelthe overall error, due to the use of

‘_-\

rnjan electric network, as being less than: 1%.

" . i ’ | '




7 5.2 Errors Due to Computation on Digital Computers

The Runge-Kutta integration method which requires knowledge, at a given

. point of the domain under consideration, of the quantities r, z, rf, and r",

)

introduces only an insignificant error if the field ¢ as well as its partial

- od
_ derivatives — and — are perfectly continuous. For proving this, it is

o or oz . :
-~ sufficient to assume the particularly simple case of a uniform field created

4

PRI, | '
.~ by two plane-parallel electrodes E and E', spaced at a distance of d and
(M . .

-

A N

‘brought to the respective potentials V; and O (Fig.46). The voltage distribu-

1
t
i

Avj‘tion obeys the linear law i

¢

| | B %5':"(%) o (85);

lr.fwhere the Cartesian coordinates x and y are assumed, respectively, as being in

—- the direction of the normal and of theftangent to the electrode E.

. !
!
Let us assume an electron of the characteristics m and -e, issuing from

- - the origin O at an initial velocity Uo .

' The fundamental equation of dynamics (eq.8). when applied to this parti-

.a{j’:—‘:
. — cle, will yield 1
-2 : ' ;
. z :
- : -2 Y, i
i mex . +el-_els i
! | !
T mdly _ o, ' | !
e Jt? |
; | - !
S ' |
e An integration of the system of equations (86) will result in !
4 2 !
L3 (mx=_ €%t + At+B =
*J 2d ‘ :
Hia : ) ) ’ i
R my = Ct+D - e . (87):

e I S —— Z

!
|

yar/



L

Lt

7t x=ay®+ by
—1 -
. by assuming that ? .
S d - A2
= eV [’ + <——°'y' )
o a - _ I dx Jo | .

| 2 2
2md U, (a'ff )
I - dx /o
. R |
\ dy
i - dx /o
—_é The variation in the coordinates, éefined by
_ 2
- r=- b +x
- _ 4a
fj gy = - b + Y
N 2a

o
S I

::iCartesian~equationmof“theatrajectory:

t

SN UPINS S Sy
H ‘

[ U

=L
A

+ (dx t (d o
X = ef = ___i __.‘L
(dt >o =\ )o - a’x)o
U: - d_x)zy- ﬁ)z _, AlrCP_ u?
) dt /o at . m?
From this it follows that ’
m U,
v :
A = aIZ 2
1+ (a’.r )o

dy

14 (__0'4 )2
dx /o

N

An elimination of the time between the equations (87) will yield the
| ,

!

(89)
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> ‘shows that the theoretical ffagéctory is a parabola: - |

i

2 |

o . . . !
Equation (11) which is valid in Cartesian coordinates where y and x re- ;'
. 'place, respectively, r and z, is written as follows: |

i

L : , (dy \2 '

2 1+(99 }( _dy 2V ;
ST .Zﬂz - { <a’x) a'yz dx dx (93)
. * 2(v+mY% - %) |

R ' 2e

Figure 46 shows various theoretical trajectories merged with their homo-

logs, obtained by an exploitation of the uniform field on the Garma AET com—

._‘puter. The parabola cuts the y-axis at a certain ordinate point y; . Solution
—~——~Tj,:by digital-computers-yields an error deflned byELEZEI.V-Table }C[.I-«i-‘x.urxrxishesﬂa.m-f -
27 .

A__, ‘series of results, corresponding to a given valueyt)f 2003
:;:jangles to the field, varying from 1¢° to 1. It thus :eems that the errors
j:::dﬁe to the mode of calculation on digit;l computers are negligible.

o ; I

and to entrance

i--4'5 3 Errors Introduced by the Method of Calculatlng the Space Charge ; [76
_--( : .

‘L—; current :

_;~f Let us use the,tube of Fig.b. Then, the relation (23), derived in Section

--:1.5, is valid over the entire surface Z'of elementary volume Y.




l
|

. Thls equétion (23) is then f;rénsférmnd into

//"(")U(”)" g +//P(Q)U(Pe)”e c/o; =0 o

lfl

‘Let us denote these two integrals By ~Jy (Pj) and J, o (Pg).
. Let us assume that VJ is the electric potential at a point P"1 of the sec- |
i tor I, (Fig.us7). ;
- By hypothesis, the electrode (E) emits ions, having the characteristics m
- :-and +e, without initial velocity.
- ConSequently :i

. { 2
U LI

——— The—integral&i--(PJ) can then be written as follows: —  —. = -~ -——

5(R)=[] e®) |2 %-) Ly o5 o
5 Wm

j.‘f"f_j In the method, discussed in Sectlon 1. 5, the calculatlon of the integral
J was based on the hypothesis of unlformity of the fields U (P ) and p(P ) in
\ "_ the sector Ei | . f . :
From this it follows that | A

R A (M) Y on Ze(V’Z )//df | (95)::

Vm(r+r

S SR 7L,Mw .



Let us assume that

, ' ! .2 d%
o(7)=e () + & 2 (n;) +—-dr; Z24)

Since dc‘1 2rr' dr s it follows t,hat

T30 B -
J(P)= 2np(/4)/ze ‘/ s-Vj 1 dy #2r 2 (M)/Z"
1+rz
N160) 1{4)
F30)
. 2 .
+r ZE d‘o (M) ze Y-V 4t o
m) Vg 47 Y
,;ft) J
with i
= T
A‘G r) " 2)
However, i 1 ~
‘5 -‘-‘-Ki ¢J and: X = 2e VS
100 ' m
|
: Consequently, C e L . - .

J(P)__ {zp(ﬁ/)/( 228 (1) K+ 2 (,s/ ), }

where the integrals K;, Kz, and K3 are ;expressed by

1+r’2

3(¢I 100 -3 0.1
Ko=) Vot 705) 4
r J
1)
|
e yl,_ _ _ _
R T

(96)

8 1y drj (97

(98)

(99)

(100)

| SR D



“_where L =1, 2, and 3.

‘Since ] i |
\[100-2; . ;
(M )= p ™) 1+r/2 (r (101)5

S The error committed in calculat in~ the space charge can therefore be

7 written as follows:

J '
L £=2K-® 2k ZEM) , K L () (102)
L @ Py | 8 )

o v : i : | .
’::‘Vl’llle denoting by @‘- the coefficient \ / 10:,.,? </' l" ) | ‘

! Two examples are given, with the current tube defined by the trajectories

,:~:9 and 11 in the case of the Laplacien field (three-dimensional problem of axi-‘

-.al symmetry). In the sectors z = 10Ar (Table XIII) and z = 2Ar (Table XIV),

- i

,_}several intermediary trajectories are considered for calculating the integrals:
] .

P ; ;

.. KL. The numerical results demcnstrate the validity of the approximation made

-

:-Ein the determination of the spéce charge by the method described in Section

' o

..~ 145, where the quantit.y-—E evolves rather slowly in the sector z = 10Ar (the

i oot jo ; .

.-—émost frequent case) and much more rapidly in the sector which is c” sser to the .
i ‘

'

j-éemitter.
5 In summation, this a priori study:of the accuracy, supported by several ?
|

,;'Ecalculations in specific cases, leads ﬁo differentiation of two predominant
»,f4 errors: The first error, due to the principle of high resistances, is readily:
A-‘:._,.E o '

! 1

o e e e e e e e e e e e e e | = e e e e

l
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!

- reduced to a lower order if the posted 1ntenslt1es are "corrected" (see See-

tlon 3.4); the second error, acting on the determination of the trajectorles

and thus also on the calculation of the space charge, is due to the continuity ;

¢
B of the field and of its partial derlvatheS'é- and — .

3¢

or oz
;,parabolic extrapolation, described in Section 2.2.1, is thus proved by its in-

jticalculétions (space charge). ;

" the overall error as being 1 to 2%.

!

3

S

i
!

el | S ]

The importance of the '
>:_cidence on automatic auxiliary computations (digital computer) and numerical

By reducing the three preponderant . errors, it seems logical to estimate




CONCLUSION

- ..
o }

The combination of an electrical network with digital computers, for in-
,i{vestigating a configuration of focusing and accelerating electrodes adapted to

;;;:an ion generator, permits solution of Poisson's equation AV = - p/es which

 1inks the electric potential to the space charge in an ion propulsor.

agﬁi The trajectories corresponding to the card of potentials read on the net-
_...work, at a finite number of points, are determined by means of the Runge-Kutta

- ——

___ fourth-order integration method, adapted for digital computers.

Caed The cutting of the ion beam into a certain number of elementary current .

3

;:\tubes permits a step-by-step calculati?n of the space charge. This charge is

A.u%simnlated by injecting current into each node of a network composed of pure re-

—-—- __'sistances.-—-- ——— oo oo : — = R

- f
—_——

2!

The solution of Poisson's equation by this iterative method leads to a
ﬁ,~;satisfactory convergence after the fourth approximétion.

The potential distribution, satisfying the condition of cancellation of

A;;:the electric field at the surface of the emitter, is obtained by taree methods

,'? .

,;_jtested for the theoretical case of a plane_diode. The results show that the

- : !

.i—fion beam has the desired optical qpalities.

.
—-m v

, The potential distribution, satisfying Laplace!s equation, is readily ob-

;%mftained in an electrolytic tank, regardless of the shape of the electrodes used
7~for of the voltages applied. Its study in the vicinity of the axis, which can
4 ' ! !

ﬁbe reduced to a one-dimensional problenﬂ will lead, at the end of a cycle of

. i !

. --+approximations, to a configuration of tre potential quite far from reality.

G4

4 |
:—4Actually, experiments were made on an electric network, based on values of thei»
g Ut ! !

i

r

~

AaMlOg-»potential-éL- on the axis of the propulsor (Field I-and- Fig.49) and—— . /81

 — - ——— e —t ———
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4

based on the space charge calcula*ed in the “elementary tube (D_), as shown in i
- ;
’ 'Fig.48a, by assimilating the eqplpotentlal surfaces to orthogonal planes at ;

jzithe axis 0OZ. These experiments are based on the rather rough hypothesis which
'::transforms Fig..48a into Fig.48b. Such an approximation, which replaces the
i-jfunction p(variable in the plane z = z; and canceled outside of the ion beam)
\fby a constant Py will lead to a potentfal distribution on the axis, after con-
<:T:vergence of the iterative process, whieh is clearly different from that obtain;
:i;%ed in the Field II. Consequently, it is rather difficult to draw definite k
'4Lwlconc1usions‘on the basis of a single d#stribution of the Laplacian potential
t—réL on the axis of revolution of the sy%tem.

‘Ejé However, an investigation of the %quipotential lines, of the current
= * ;

Li—élines, and specifically of the trajecteries obtained either in the electrolytic

2~' ank or by one of the methods dlscussed in the Introductlon, yields useful 1n—3

-~

*i~;dicat10ns on the form of the final beam. The influence of the space charge,

i

—using the shape of the electrodss shown in Fig.29 and the resultant potential

; |
e 2 ! i
-~ |

---i distribution on the axis (Fig.49), leads to a widening of the beam (at conver-!

-2 . gence) to the right of the exit electrode of the ion gun, equal to 2.09 times
- :
-<_; that corresponding to the Laplacian fleld, obv1ously, the maximum broadening of

’i:ithe beam takes place after the first approxlmatlon (for the methods No.2 and ;
. i
*Z.iNo.3), characterized by the coefficient 2.58. {

L |
b Since the space charge results in an increase of the angle of aperture of

! i

‘——.the beam, it is necessary that the tragec*o“1es which had been calculated by

"~ neglecting this charge, converge strongly toward the axis of revolution of the

grvl ‘

: vacuum tube, which a priori excludes any emlitting surface whose concavity is

L**: not directed toward positive z. " '

el

The described analov calculation method may be readlly generalized no

it e

i
edm e —
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_matter what the geometric and electric chHaracteristics of the propulsor and no

© matter what the initial conditions imposed on the elestric particles might be.
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APPENDIX I

METHOD OF TRUE RESISTANCES AND I'*IOLIDW CYLINDER

Using the denotations by J.Miroux (Bibl. 8), Fig. 50 shows a notch cut

s

-

i ;:sistances-arranged in accordance with the radius vector).

vy .

By definition, the true value R, of a resistance R, corresponds to the

._iintegration of a corona having a thickness dr:

' +*
. : | Jdr ! e |
~ T R, = = Lo n
s o | 2wr zm 7 o+ (103)
K

For a regular meshing, we have

E : n - :
-, ’ ' R, = _’_.. LOg —_—

25 'n. 2w n-1 (204)

- .._-t Ny
_ ;; The resistance R, is infinite. Al priori, it seems that the difficulty

.,_iactually increases. Nevertheless, it is obvious (eq. 8) that R, is the only

ivalue which, at each node, would give the exact distribution of voltages and

t

|

A ’N currents at permanent regime. |
—_1 In view of the fact that the invejstigations require a satisfactory accu-
‘rl_"

.-racy in the vicinity of the axis, use of the artifice of the hollow cylinder

4

Jd
4 . . 3 ?
_‘1__1 (the cylinder having along its axis a void space of very small radius r,) per- i
o ]
-_?mitsgiving, a finite value.to.the resistances R, (as in the case of the —_._.__

C e | S S -

! ~ * 8l e

|

H

~jt:vy two meridian planes in a cylinder, as well as a portion of the network (re~



fixute-dlfference method) as well as to the ‘resistances located é.lopg the

l

N pseudo-a.}o.s which will then be equal to

Az g
ar? gr,

'

radlus rs» This quantity, by us:Lng the method of true values, makes it p0831-

ble to define the values of re31stances coinciding with those obtained by the

‘_' finite-difference method from a certain previously selected radius r, .
To do this, let us assume a hollow cylinder of revolution (Fig. 51) of
infinite length, composed of two armatures defined by the radii r, and r, and

_»—"' charged respectively, to the analog potentials of +100 and 0. If . denotes

-__-; . the length of the. cyllnder and Q its. charge, the potential- distrabutlon at-a-

_jdista.nce r from the axis will obey the law

1 I

-~ . i

i 100~ ()= 29 Log T (105)
""“‘ ’ L éo€ . 0 .
S #r)=0

L : - . ;

__x et us assume that f', = 70 A’_- . ;

. ) . i i

P ‘A, with |

N . T, =k 4r o<k, <1

j i '
7 ‘ +
] |
47 _from which it follows that ' !
‘_Jb 100 = 2Q fog 10 .

S - . , !
e | 82— T

.___. ‘We adopted this artifice and therefore had to determine the value of the _
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{
".: Equation (105) is transformed in accordance with 777
i !
: Logl0 "~ r (105)
. .9k o .
‘ 0
. Two different methods for calculé.ting ro can be applied here. ‘
21" Numerical Method: ‘ :
A - . The conductances C, are obtained 'by’ giving to r values equal to multiples
_ " of the meshing Ar, except for the first line where r = k, Ar [ for the second
. line, r = Ar, ... ; for the ath line, r = (n-1)Ar ). Conversely, the conduc-
i tances C; are calculated by means of the finite-difference method, taking the
A _.' center (see Fig. 50) of each mesh into :con.sideration (for By, r = A; : for R,
-——---q_,;é-r =% Ar-vee- 3 for-R, r =)-(-2i-¥) o ———— e - = ——
) ‘ Since all conductances are defined to within a factor B , all computations

... and experiments are made with b B !

e . par=id*

! i

— When applying the fhit&differeﬁce method after the axis (r = 0), the

| | resistances R, assume the values shownéin Table I.

’ Let us applj an analog potential :equal to +100 to the axis, and equal toi
—' zero to the node defined by r = thén, the analog intensity circulating :

t

- within the "line" will be | | . :

i
i :
“ | _ :
& St - 7 =/0 1
< : 2 R, ;

Dot ) .ﬂ:f

} .
i

T . i —

/8



ke .

i Using r, = 58r, we obtain -
, ) : ,00 nz/0
:: é(?): Y ET . /é R” =1/6,2/7
z n=1t Rn
- Then, eq. (105)' can be written as follows:
t ’
2T (/_/og ko)
o From which it follows that
L log k, = 1,14374
‘-‘"'; and
o k = 0,73923
. Graphical Method:
o i

Let us now apply the finite-diff:erence method after the pseudo-axis

.

100

95("() _ 100 > A

- - -

i
i

i

(r = r,). Only the resistance R, is modified. Reasoning as before, we obtain:

i

/86



;From this it follows that

Lo n=10 _ ‘

¢ 00 " ”Z_; R 100 (log 5- /og 4, )

. = =10 4

S 2.10

N 2 R+ L0 /- log k,

g =2 1.k,

(S 1

i

12 Let

1 ) ’

s 69191 (1-k,) 1- log 5

L6 =

o 42665 22665k, 1- 109k,

I~ ) ,

19

20

2t Let us assume that

24 x = ko

25 ;

2. y=Jlogk, -
> | |

f‘; - |from which we obtain

S0 ,

3 . -

i x 185623

sy g=1+ 2750

. f-x (207)
35

36 . 1

::1 Equation (107) represents an equilateral hyperbola y, (x) (see Table II). '
?3 It is sufficient to define the intersection of this hyperbola with the curve '
'-~1ys = log x in order to obtain the desired value of k, (see Table III and
42
1~ Chart 1).
; This graphical method will finally yield /87
‘—> . .
48,
49 -

0. k, = 0,109 (108)
51

s2 L e . e



T

Conclusion

'
!
)

The two methods thus lead to values of ko, which are equal to 0.139 and

,
i

- 0.109. In accordance with our experiments, neither of the two methods appar-

- ently is preferable. Consequently, their use can be left to the discretion of:

I

. 1
. the experimenter. ,
- i
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Lo
APPENDIX II |
"STUDY OF TRAJECTORIES BY THE DISTRIBUTION THEORY
R The analog potential function, in the two sectors ry and z, s in the vi-
) ~_. cinity of the emitter (most critical case) is %, so that
“ ‘é=§1 g'fOI‘ zzzej and os‘rs,‘.—j.
_ P=P=F for o0<z<2z,, and  r;srs2.
ol J 2
~ T o - X
__Tmwere  $,(f.g ) (7 % ) & (Fig.52)
__ The parabolic e.xtrapolation leads to a new function #*%, which is contin-
~— uous at the boundary of the electrode, so that ;
_ *. - | | ';
Sl & = F, for Azazej ; and - oSrsrn ;
D5 Pt g, Tor 0sz <2z, ad gy D :
N Al K TETE |
= Mth e N sl nY s
7 (5 ’ zej) = %3 (’) ’ z";/.) a é‘" ) !
_.? ' v §
. and : 3§,( ze.) = (f' Ze; ) }
o 3 z i
e 341 r:, ze;) = ?453 r;, Ze ;
'A .‘;—.‘E ’ . ) ( J) ( J , J) i
Lf;_i et us assume that f(x; ) is an indeflm.tely derivable function in the
- "} complementary of a regular hypersurface (S) in such a manner that each partial’
Ses - i i
i

E

e e e e —— e ———— e s J— B S U _— - e ————

T ‘ ' _ '—“37"'__1
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peren e — -

_“derivative has a limit on either side of (S), at each point of (S). The dif-

. ference between these limits represents the "jump" of the corresponding par-

demonstrated that

¥

i

!

i
P e

!

" tial derivative. This Jjump is determined for a fixed direction of Mtraversal™
. of the surface (S) and changes its sign as soon as the direction of this trav-

-ersal is modified. This jump is a definite function of the surface (s).

y

P
-Let us denote by D f a derivative of f in the direction of the distribu—

: ) . . . .
. tions and let {D ,f} be the distribution represented by the conventional de-

rived function, defined for x/e’(s) and undefined for x € (S). It can be

of = {.a_f}-,t (6"; c058‘-> J(‘S) : (109)

L azf ' 2% 3 [ P } . e
= + 9 | (s coso: +6; cos 8. 4, (120)
axf {Bx:} B:ri ( 0 L) (s) | i ¢ (s) "

~._! where: ) i

8, = angle of the x, axis with the normal to (S) in the direction
of the traversal corresponding to the intersection of x;

(Fig. 53);
O, = discontimuity of f when traversing (S) in the direction of

the x; axis; : |

f ! !
1 = jump OfE at the traversal of (8); i
I

(0, cos9y )6 )~ symbolic notatlon for the distribution correspond-‘
ing to masses placed o on (s), having a surface density of
i i

o. cosB, , ; . : i

i
. .
ey
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o !

r—_'ki;m*;“wf )
1 The emitting surface plays the role of the surface (S) in the case under
-y ! !
ﬁ‘gconsideration. i ;
itg The discontinuities of 2, on traversing (S) in the direction of the r
; i N ;
"~ and z axes, are zero. Consequently, 6, =6, =0 . 1
- r z :
| o
. &, s i
L : 6, = ! (rﬂ b4 .) |
- Conversely " 3r TR
;;w, ' a‘?’
A | %, = =1 (15, %ej)
- oz _
"in view of the fact that. |
o 0, (r- ,Ze ) = 3952 (r Ze. ) =0
s Coar N J
[l In the domain, defined by z>z,, and Osr<ry , and when applying eq. (109),
25 !
i we will have: | |
T | : 5 %) ¥
’“"”'Zvjr";"‘* — — 0p M 0P _Jo® | _ Fjdel B
- or 0z or 0z
29 ’ :
i ; ' !
3 ! ‘
o Thereafter, the differential equation (eq. 20) assumes the form
-2 ‘ K |
| - |
f A * ¥ |
I ) - B2 f
- r vz
il | F=_ - ‘ (1)
i 2 (§ +V) v,

‘ |
LU From this it follows that the ion trajectories are not at all modified

! in the vicinity of the emltter by the presence of the dlscontlnultles oy, and

L3 10;, on the first-order partial derivatives of the field &.

!
!
The parabolic ex~ |
t
tra.polation, provided that it is done mth special care by eliminating these |

:J

;dlscontmultles and by respecting the fleld in the domain z2z, g and O<r<ry, .
— !
sl {wi]l permit a correct calculation of the functions %— and g—§ and thus also of ;

e e . e e e e I

]
+
e
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P g

.
' -

r-~———~—-~ = m————

e e

NS Rt i i e e unm——

©. ithe expression (20). - i

”_1 In practical work, a single extrai)olation is often sufficient. The se- |
! .
5 ‘lection of this extrapolation is of prime importance and, almost always, re-

z”'fsults in a perfectly continuous field in the other section.
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